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Abstract
In this thesis, I theoretically investigate normal-state properties of an ultracold rare-
earth Fermi gas with an orbital Feshbach resonance (OFR). Recently, OFR has been ob-
served in a 173Yb Fermi gas. Including the two-band character of this system, as well as
pairing fluctuations caused by a tunable pairing interaction associated with OFR within
the framework of a T -matrix approximation, I clarify strong-coupling corrections to single-
particle excitations in the BCS (Bardeen-Cooper-Schrie↵er)-BEC (Bose-Einstein conden-
sation) crossover region.
After an introduction of cold Fermi gas physics, I present our formulation. For a model
two-band Fermi gas, I first include pairing fluctuations within a standard T -matrix approx-
imation. E↵ects of an experimentally inaccessible deep bound state are then removed from
the theory, in order to correctly describe a 173Yb Fermi gas with OFR.
Using this amended strong-coupling T -matrix approximation, I evaluate the single-
particle density of states, as well as the single-particle spectral weight, in the normal state
near the superfluid phase transition temperature Tc. In the open channel, these quantities
are shown to exhibit the pseudogap phenomenon in the crossover region. On the other
hand, such a many-body phenomenon does not occur in the closed channel, due to the
presence of a band gap between this channel and the open channel. In the closed channel,
instead, strong pairing fluctuations induce non-vanishing intensity in the negative energy
region of these single-particle quantities.
I also examine the photoemission spectrum, which is observable in cold Fermi gas
physics. When the system is spatially uniform, I show that the above-mentioned strong-
coupling phenomena can be observed by the photoemission-type experiment. In the pres-
ence of a harmonic potential, on the other hand, treating this trapped geometry in the
local density approximation, I clarify that the detailed pseudogap structure in the open
channel is smeared out by the spatial inhomogeneity. However, strong-coupling corrections
to single-particle excitations can still be seen in both the open and closed channels as the
appearance of the photoemission-spectral intensity in the negative energy region.
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Chapter 1
Introduction
This chapter is dedicated to the introduction of cold Fermi gas physics. In particular, we
present detailed explanation for Feshbach resonance, which is a central key phenomenon in
this PhD thesis. We first review a magnetic Feshbach resonance, which has been realized and
has been extensively used in alkali metal (group 1) 40K and 6Li Fermi gases. We explain the
superfluid phase transition, as well as the so-called BCS (Bardeen-Cooper-Schrie↵er)-BEC
(Bose-Einstein condensation) crossover, that has been successfully realized in these Fermi
gases, by using a tunable (attractive) pairing interaction between Fermi atoms associated
with a broad magnetic Feshbach resonance. We then proceed to the case of an orbital
Feshbach resonance, which we deal with in this thesis. We review the recent experimental
discovery of this new type of Feshbach resonance in a 173Yb Fermi gas. We then explain
the reason why this Feshbach resonance is important in the development of cold Fermi gas
physics, from the viewpoint of the promising mechanism of the superfluid phase transition
in a gas of (non-alkali metal) rare-earth (group 2) Fermi atoms. An advantage of orbital
Feshbach resonance compared to the previous magnetic Feshbach resonance is also pointed
out. At the end of this chapter, we present our motivation, as well as the goal of our work
in this thesis.
1.1 Ultracold 40K and 6Li Fermi gases and magnetic
Feshbach resonance (MFR)
An advantage of cold atom physics [1] is that one can study various interesting quantum
phenomena, e.g., the Bose-Einstein condensation [2], without being disturbed by unwanted
extrinsic e↵ects, such as impurities and lattice defects. In this research field, metallic atoms
are vaporized, to be usually loaded on a magneto-optical trap (MOT) [3–8] as schematically
1
CHAPTER 1. INTRODUCTION
Helmholtz coil
Laser beam
Trapped atoms
Electric current
!"
#"
$%
Figure 1.1: Schematic picture showing a magneto-optical trap (MOT). The red circles show
Helmholtz coils carrying current in the opposite direction, creating non-uniform magnetic
field. Laser beams are shown by blue arrows applied from the x, y, and z directions. The
yellow balls show atoms that are confined in a trap potential produced by these magnetic
field and laser beams.
shown in Fig. 1.1, where atoms feel a harmonic potential produced by a combined external
magnetic field with laser beams. Atoms are then cooled down to the order of micro Kelvin,
or even below it, by using various experimental techniques, such as the laser cooling and
the evaporative cooling [9–16], developed in this field. Of course, the true ground state
of metallic atoms are the crystallized solid state; however because the transition from the
gaseous state to this ground state is highly suppressed due to the suppression of the three-
body collision in a dilute gas (Note: The interatomic distance in a cold atomic gas is
O(1000 A˚).), the prepared cold atomic gas can be regarded as a (quasi) stable state, at
least during experiments.
Ultracold 40K and 6Li Fermi gases also possess the above-mentioned advantage. In
particular, these alkali metal (group 1) Fermi gases have attracted much attention both
experimentally and theoretically [17–26], since the realization of the superfluid phase tran-
sition there in 2004 [17]. This is because, although the mechanism of these superfluids is
essentially the same as the BCS Cooper-pairing mechanism, the former atomic cases enable
us to study superfluid properties in a wide range of the strength of a pairing interaction in
a systematic manner [10, 12, 17, 19, 20, 27, 28]. (The mechanism of this tunable interaction
is explained soon later.) Using this, we can now experimentally study the so-called BCS-
2
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BEC crossover phenomenon [29–35], where the character of a Fermi superfluid continuously
changes from the weak-coupling BCS type discussed in the field of metallic superconductiv-
ity to the BEC of tightly bound molecular bosons that have already been formed above the
superfluid phase transition temperature Tc, with increasing the strength of a pairing (at-
tractive) interaction [36–47]. In the intermediate coupling regime, which is also referred to
as the BCS-BEC crossover region, or unitary regime in the literature, system properties are
dominated by strong pairing fluctuations (fluctuations in the Cooper channel), and various
interesting many-body phenomena [44, 46–48] have been discussed, such as the pseudogap
phenomenon [44,46, 48–50].
In considering a Fermi superfluid, since it is always accompanied by the Cooper-pair
formation, the pairing mechanism is always a central issue. In the case of 40K and 6Li
Fermi gases, a broad magnetic Feshbach resonance (MFR) plays this role. To explain this
Feshbach-induced pairing mechanism, we assume a two-component Fermi gas consisting of
atoms in two di↵erent hyperfine states, that we conveniently describe as pseudospin | "i and
| #i in what follows. The atomic hyperfine state (F ) is defined as the sum of the electronic
spin state (S) and nuclear spin state (I), F = I + S. In the ground state of alkali atoms
like 40K and 6Li, there is one electron in the outermost orbit, so that S = 1/2, leading to
F = I ± 1/2. In cold Fermi gas experiments on a 40K Fermi gas (I = 5),
|F, Fzi =
8<:|9/2, 9/2i,|9/2, 7/2i, (1.1)
are usually chosen. In this case, the pseudospin | "i and | #i describe |9/2, 9/2i and
|9/2, 7/2i, respectively. For a 6Li Fermi gas (I = 1), the following two states are selectively
chosen:
|F, Fzi =
8<:|1/2, 1/2i,|1/2, 1/2i. (1.2)
In this case, the pseudospin | "i and | #i correspond to |1/2, 1/2i and |1/2, 1/2i respec-
tively.
In a MFR, atoms in the hyperfine states (=| "i and | #i) form a quasi-molecular boson,
and it dissociates into two atoms again (see Fig. 1.2(a)). In this scattering process, the
hyperfine interaction (HI = JS · I , where J is a coupling constant) leads to di↵erence of
the electron-spin states between the initial atomic states (open channel:| "i and | #i) and
the atomic states in the intermediate molecular state (closed channel). This leads to the
di↵erence of Zeeman energy Ez between the open and the closed channels under an external
3
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Figure 1.2: (a) Schematic explanation for a magnetic Feshbach resonance. Fermi atoms
in two di↵erent atomic hyperfine states that are described by pseudospin states (| "i and
| #i) form a quasi-molecular boson, and it dissociates into two Fermi atoms again. This
scattering process gives an e↵ective interaction between atoms in the open channel (| "i and
| #i). Atomic states in a Feshbach molecule are called the closed channel. (b) Schematic
interatomic potential V (r) as a function of the interatomic separation (r). A Feshbach
molecule is actually a resonance state forming around the dip structure of V (r), as shown
in this figure. Under an external magnetic field B, the di↵erence of the Zeeman energies
between the open channel and the closed channel lead to the energy shift Ez of the resonance
state, so that the threshold energy 2⌫ becomes dependent on B. To schematically show
this, the interaction potential V (r) is shifted by Ez in panel (b).
magnetic field. Then, the energy 2⌫ of the intermediate quasi-molecular state, which is also
referred to as the threshold energy of a Feshbach resonance in the literature, also depends
on the external magnetic field B.
Keeping this in mind, simply evaluating the scattering process in Fig. 1.2(a) within the
second order perturbation theory, we obtain the e↵ective interaction Ve↵ associated with a
MFR as [1, 8, 11],
Ve↵ =  g2 1
2⌫
, (1.3)
where, g is a coupling constant. In obtaining Eq. (1.3), we have assumed the low-energy and
low-momentum limit of the incoming Fermi atoms (| "i and | #i). Equation (1.3) is tunable
by varying the “B-dependent” threshold energy 2⌫. Actually, there is a residual interaction
Vbg which has nothing to do with the Feshbach resonance which we are considering. (This
background potential may involve e↵ects of other Feshbach resonances that are far away
4
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Figure 1.3: Observed tunable s-wave scattering length near a Feshbach resonance [51]. The
scattering length for the collisions in 40K atoms in the hyperfine state |F, Fzi = |9/2, 9/2i
and |F, Fzi = |9/2, 5/2i was obtained from measurements of the mean-field energy taken
at T/TF = 0.4 and densities np = 1.8 ⇥ 1014 cm 3 (solid circles) and np = 5.8 ⇥ 1013
cm 3 (solid squares). [Reprinted figure with the permission from C. A. Regal and D. S.
Jin, “Measurement of Positive and Negative Scattering Lengths in a Fermi Gas of Atoms”,
Phys. Rev. Lett. 90, 230404 (2003). Copyright (2003) by the American Physical Society.
https://doi.org/10.1103/PhysRevLett.90.230404.]
from the Feshbach resonance we are considering.) Including this, we obtain [1, 8, 11],
Ve↵ = Vbg   g2 1
2⌫
. (1.4)
Although Eq. (1.4) is useful for quickly understanding the mechanism of the tunable
interaction associated with a MFR, it is actually within the second order perturbation
theory. When the Feshbach-induced interaction  g2/2⌫ becomes strong due to the small
value of the threshold energy 2⌫, one needs to include multi-scattering processes beyond
the second order perturbation. In such a case, it is convenient to measure the interaction
strength in terms of the s-wave scattering length as, rather than the “bare” interaction Ve↵ .
Near a Feshbach resonance field B0 where the scattering length diverges, one has [1, 8, 11],
as = abg
 
1   
B   B0
!
, (1.5)
where abg is the scattering length far away from the resonance (|B   B0|    ), and  
5
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describes the width of the resonance.
Figure 1.3 shows an example of the tunable interaction associated with a MFR. In this
figure we see the diverging behavior, as well as the sign change, of the scattering length as
around the Feshbach resonance field B0 = 224.36G, as expected from Eq. (1.5).
Here, we comment on the “width” of the resonance. The current experiments on 40K
and 6Li Fermi gases are always using a broad MFR [52, 53] to tune the strength of a
pairing interaction between Fermi atoms. The reason for this experimental choice is that,
this corresponds to the case with a large   in Eq. (1.5), where the B-dependence of
the scattering length as(B) is not so remarkable (except for the region very close to the
resonance field B0). As a result, it is easy to experimentally tune the interaction strength
by varying an external magnetic field B. In the opposite case called the narrow Feshbach
resonance, the parameter   in Eq. (1.5) is very small. In this case, Eq. (1.5) shows
that large tuning of the scattering length as(B) is possible only near the resonance field
B ' B0, which requires experimental fine tuning of an external magnetic field B to adjust
the interaction strength. Due to this di culty, a narrow Feshbach resonance has not been
used to examine the BCS-BEC crossover phenomenon in 40K and 6Li Fermi gases.
In Eq. (1.3), a broad Feshbach resonance corresponds to the case with large coupling
constant g. Then we find that the interaction strength Ve↵ becomes strong when the
threshold energy 2⌫ is still very large. As a result, the closed channel only contributes
to the intermediate states in the scattering processes to produce the tunable interaction;
however, the number of atoms in the closed channel is negligibly small in the interesting
BCS-BEC crossover region as confirmed in a 40K and 6Li Fermi gases [54]. Because of this, in
a broad MFR, once a tunable interaction is derived, one may only consider the open channel
described by the ordinary BCS-model (where the interaction strength is treated as a tunable
parameter), safely ignoring the closed channel. This is usually believed as an advantage
of a broad MFR, because results obtained in 40K and 6Li Fermi gases with this type of
Feshbach resonance can be applicable to the understanding of metallic superconductivity
which can also be described by the same (single-channel) BCS model.
1.2 BCS-BEC crossover realized in alkali metal Fermi
gases with broad MFR
One of the most exciting phenomena realized by using a broad MFR is the BCS-BEC
crossover in 40K [17] and 6Li Fermi gases [10,19,20]. Figure 1.4 shows the first observation
of the superfluid phase transition in a 40K Fermi gas done by JILA group [17]. In this
6
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Figure 1.4: Condensate fraction N0 as a function of the temperature T and an external
magnetic field  B = B   B0, measured from the Feshbach resonance field B0 = 202.10 ±
0.07G in a 40K Fermi gas [17]. Physically,  B means the strength of the pairing interaction
associated with a broad MFR, and the decrease of  B corresponds to the increase of the
interaction strength. N is the total number of Fermi atoms, and TF = 0.35µK is the
Fermi temperature. In this experiment, the superfluid phase is identified as the region
where N0/N > 0. Thus, in the T - B plane, the superfluid phase transition temperature
is around the skyblue area. [Reprinted figure with the permission from C. A. Regal, M.
Greiner, and D. S. Jin, “Observation of Resonance Condensation of Fermionic Atom Pairs”,
Phys. Rev. Lett. 92, 040403 (2004). Copyright (2004) by the American Physical Society.
https://doi.org/10.1103/PhysRevLett.92.040403.]
experiment, 40K atoms in the two hyperfine states in Eq. (1.1) are selectively trapped and
Cooper pairs are formed between them. The region with non-zero condensate fraction is
considered as the superfluid phase, so that the superfluid phase transition temperature Tc
is considered to exist around the sky blue area in the T - B plane in the figure. That
is, decreasing an external magnetic field  B, or with increasing the strength of a pairing
interaction associated with a broad MFR, Tc gradually increases to approach a constant
value Tc/TF ' 0.17 in the strong coupling regime. Just after this discovery, MIT group has
also reported the superfluid phase transition in a 6Li Fermi gas [18], where the maximum
Tc is also obtained as Tc/TF ' 0.2.
This so-called BCS-BEC crossover behavior of Tc can be theoretically explained, as
7
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Figure 1.5: Phase diagram of an ultracold Fermi gas with a broad MFR. The solid line shows
Tc which is obtained by the strong-coupling theory developed by Nozie`res and Schmitt-Rink
(NSR) [55]. The dotted line shows the superfluid phase transition temperature TMFc in
the mean-field approximation. The left side of TMFc may be viewed as the normal Fermi
gas regime where strong-coupling e↵ects are unimportant. In the right side of TMFc , the
system properties gradually become similar to those of a weakly interacting molecular Bose
gas. Between the two regions, fluctuations in the Cooper channel dominate over system
properties, where the controlled pseudogap phenomena are expected. Note that TMFc in this
phase diagram physically gives a characteristic temperature below which the pair-formations
start to occur overwhelming thermal dissociation.
shown in Fig. 1.5. In this phase diagram, Tc increases with increasing the interaction
strength in the weak coupling BCS regime, as well known in metallic superconductivity.
In this regime, large Cooper pairs are largely overlapping one another, reflecting a weak
binding energy. In the strong coupling regime where the system may be viewed as a gas of
tightly bound molecular bosons, Tc becomes insensitive to the interaction strength. In the
extreme BEC regime, Tc is given by the BEC transition temperature TBEC of NB = NF/2
bosons with a molecular mass MB = 2mF, where NF and mF represent the total number of
Fermi atoms and an atomic mass, respectively. That is,
TBEC =
2⇡
(⇣(3/2))2/3
(NB/V )2/3
MB
=
2⇡
(⇣(3/2))2/3
(NF/2V )2/3
2mF
= 0.218TF. (1.6)
8
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Figure 1.6: Realization of the Fermi degeneracy in a 173Yb Fermi gas [56]. In this experi-
ment, evaporative cooling is used, where the number of Fermi atoms gradually decreases.
The Fermi degeneracy (T/TF  1) is achieved when the particle number N decreases to
become N <⇠ 10000. [Reprinted figure with the permission from Takeshi Fukuhara, Yosuke
Takasu, Mitsutaka Kumakura, and Yoshiro Takahashi, “Degenerate Fermi Gases of Ytter-
bium”, Phys. Rev. Lett. 98, 030401 (2007). Copyright (2007) by the American Physical
Society. https://doi.org/10.1103/PhysRevLett.98.030401.]
Here ⇣(3/2) = 2.612 is the Riemann zeta function, and TF is the Fermi temperature. This
value is close to the observed values in the BEC regime of 40K [17] and 6Li [18] Fermi gases.
1.3 Rare-earth 173Yb Fermi gas and orbital Feshbach
resonance (OFR)
In the current stage of cold Fermi gas physics, a Fermi gas has been realized by using,
not only 40K and 6Li, but also rare-earth 173Yb Fermi atoms [56–58]. However, while the
superfluid phase transition, as well as the BCS-BEC crossover, have been realized in the
former two cases, the Fermi degeneracy has only been realized in the case of 173Yb, as shown
in Fig. 1.6. In this experiment, the evaporative cooling is done, so that the temperature
is lowered with decreasing the number of atoms trapped in a harmonic potential. This
experiment has succeeded in cooling fermionic 173Yb atoms down to T/TF ⇠ 0.6.
One crucial reason for this “developing” situation of 173Yb Fermi gas compared to the
“developed” 40K and 6Li Fermi gases is that one cannot apply the MFR technique to the
case of rare-earth Fermi gas. This is simply because, although MFR strongly relies on the
existence of an active electron-spin to tune the threshold energy of a Feshbach resonance,
173Yb atom has two electrons in the outermost s-orbital to form spin-singlet in the ground
9
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Figure 1.7: Observed thermalization rate as a function of external magnetic field B in
a 173Yb Fermi gas [60]. Circles and diamonds show the results in the cases of |ei||ai-
|gi||bi mixture and |gi||ai-|gi||bi mixture respectively (||ai and ||bi represent two nuclear
spin states). Squares also show the former case with di↵erent  mF (where  mF is the
di↵erence in the nuclear spin states). The inset shows the conversion of a thermalization
rate to the scattering length as between |ei||ai and |gi||bi (open channel). This conversion
uses that the thermalization rate   is proportional to hnihvreli  [60, 61], where hni is the
number density of the gas, hvreli is the relative collision velocity, and   = 4⇡a2s (where as
is the s-wave scattering length). [Reprinted figure with the permission from M. Ho¨fer, L.
Riegger, F. Scazza, C. Hofrichter, D. R. Fernandes, M. M. Parish, J. Levinsen, I. Bloch, and
S. Fo¨lling, “Observation of an Orbital Interaction-Induced Feshbach Resonance in 173Yb”,
Phys. Rev. Lett. 115, 265302 (2015). Copyright (2015) by the American Physical Society.
https://doi.org/10.1103/PhysRevLett.115.265302.]
state. Thus, to catch up with the remarkable development of 40K and 6Li Fermi gases, an
alternate route to reach the superfluid phase transition has to be designed.
Regarding this, the recent realization of a tunable scattering length in a 173Yb Fermi gas
shown in the inset in Fig. 1.7 [59, 60] has attracted much attention as a promising pairing
mechanism to realize the superfluid phase transition in this rare-earth Fermi gas. Indeed,
the overall magnetic-field dependence of the scattering length shown in this inset is very
similar to the magnetic field dependence of the MFR-induced tunable pairing interaction
shown in Fig. 1.3. Once the superfluid phase transition is achieved in a 173Yb Fermi gas,
the BCS-BEC crossover would also be realized simultaneously.
The background physics of the tunable scattering length in the inset in Fig. 1.7 is an
10
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Figure 1.8: Schematic energy level diagram of a 173Yb Fermi atom [62].
orbital Feshbach resonance (OFR). Instead of using the two electron-spin states Sz = ±1/2
in the MFR case, OFR uses two orbital states; the ground state 1S0 (⌘ |gi) and the excited
state 3P0 (⌘ |ei), where one of the two electrons in the outermost s-orbital is excited to
the p-orbital state with the total electron spin S = 1. Here, we note that the energy used
for the excitation of an electron is set to be equal to the excitation energy to the triplet
state 3P0. Excitation to the 1P1 state needs higher energy as shown in Fig. 1.8 [62]. Since
the dipole transition from this 3P0 excited state to the ground state is spin-forbidden, the
lifetime of a 3P0 state can be up to 20s [59]. Using this advantage, one can prepare 1S0-3P0
mixture of a 173Yb Fermi gas, where the open channel (⌘ |o,   =", #i) and closed channel
(⌘ |c,   =", #i) are chosen as,(
(|o, "i, |o, #i) ⌘ (|ei||ai, |gi||bi),
(|c, "i, |c, #i) ⌘ (|gi||ai, |ei||bi). (1.7)
Here, ||ai and ||bi are two of six nuclear-spin states |I = 5/2, Iz = 5/2, ..., 5/2i of a 173Yb
atom. This particular combination is chosen so that the Zeeman energy of the closed channel
can be higher than that of the open channel. The Zeeman energy di↵erence ⌫e ⌫g (see Fig.
1.9) is further used to tune the interaction strength by adjusting an external magnetic field.
We briefly note that the di↵erence between ⌫e and ⌫g comes from the small di↵erence in
the nuclear Lande´ g-factor between |gi- and |ei-orbital state. Under an external magnetic
field B, the nuclear-Zeeman e↵ect gives the energy di↵erence between |gi||ai and |gi||bi, as
well as between |ei||ai and |ei||bi, as schematically shown in Fig. 1.9. In the present case,
we are considering a contact type s-wave interaction, which is usually dominant in the low
11
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Figure 1.9: Schematic energy levels of a 173Yb Fermi gas with OFR. |ei and |gi describe
1S0 and 3P0 state, respectively. ||ai and ||bi are two of six nuclear-spin states of a 173Yb
Fermi atom (|I = 5/2, Iz = 5/2, ..., 5/2i). An external magnetic field B gives the nuclear-
Zeeman-energy di↵erence ⌫g (⌫e) between |gi||ai and |gi||bi (|ei||ai and |ei||bi).
energy region. In this case, the s-wave scattering length as in the open channel depends on
the magnetic field B as [63],
as = aintra + ainter
p
m⌫
1 pm⌫aintraainter. (1.8)
(We will derive this expression when we explain our strong coupling formalism in Chap.
2.) Here, m is mass of a 173Yb atom, and aintra = 1080a0 and ainter =  850a0 have been
measured in a 173Yb Fermi gas (where a0 = 0.529A˚ is the Bohr’s radius) [64, 65]. In Eq.
(1.8), the factor ⌫/2 depends on the external magnetic field B as,
⌫
2
=
(⌫e   ⌫g)
2
= (2⇡h¯⇥ 56 m)B [Hz] (  0), (1.9)
where m is the di↵erence of two nuclear-spin states chosen from |I = 5/2, Iz = 5/2, ..., 5/2i.
In the usual MFR, the interaction strength is tuned by varying the s-wave scattering length.
On the other hand, in OFR, the intrachannel and interchannel scattering lengths are fixed
(that are determined experimentally). Thus, in order to tune the interaction strength, the
band gap energy between the open and the closed channel is tuned accordingly. This energy
variation is the parameter determining the BCS-BEC crossover in OFR. We also note that
in this study we deal with the situation B   0. (Taking B < 0 simply reverses the situation
where the open channel becomes the closed channel and vice versa). Under this condition,
the maximum interaction strength that can be achieved corresponds to (kFas) 1 = 1.57,
which means that access into the deep BEC regime is not actually possible in the present
OFR. However, this does not immediately mean that the strong coupling properties in the
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Figure 1.10: Anisotropic expansion of a strongly interacting 173Yb Fermi gas, prepared
initially in the open channel with  m = 5, at a magnetic field of B = 41G [59]. (a) The
circles represent the aspect ratio of the expanded |gi atomic cloud, as a function of time
of flight. Dashed line shows the expected behavior of a free Fermi gas. (b)-(d) Absorption
images of the |gi component of a 173Yb Fermi gas. (b) 7ms. (c) 16 ms. (d) 28 ms. [Reprinted
figure with the permission from G. Pagano, M. Mancini, G. Cappellini, L. Livi, C. Sias, J.
Catani, M. Inguscio, and L. Fallani, “Strongly Interacting Gas of Two-Electron Fermions at
an Orbital Feshbach Resonance”, Phys. Rev. Lett. 115, 265301 (2015). Copyright (2015)
by the American Physical Society. https://doi.org/10.1103/PhysRevLett.115.265301.]
BEC regime cannot be examined. In the later chapters, we will find that the interaction
strength (kFas) 1 = 1.57 is su cient for the study of pairing fluctuations in the strong
coupling BEC regime.
With increasing the external magnetic field B, the s-wave scattering length in Eq. (1.8)
diverges and changes its sign when
⌫ =
1
ma2s
(1.10)
is satisfied, as observed in a 173Yb Fermi gas (see the inset in Fig. 1.7). Because of the
similarity to the MFR case, the behavior of as in Eq. (1.8) near Eq. (1.10) is termed as
orbital Feshbach resonance (OFR).
Figure 1.10 shows the spatial expansion of a 173Yb Fermi gas with OFR after release
from a harmonic trap [59]. In the non-interacting case, when the initial shape of the gas
cloud is deformed by a harmonic trap as seen in panel (b), the aspect ratio of the released
13
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Figure 1.11: Calculated superfluid phase transition temperature Tc in a 173Yb Fermi gas
with OFR [67]. The interaction strength is measured in terms of the inverse scattering
length (kFas) 1, normalized by the Fermi momentum kF. The inset shows the calculated
Tc as a function of an external magnetic field B. In this calculation, pairing fluctuations
are taken into account within the framework of the strong-coupling theory developed by
Nozie`res and Schmitt-Rink (NSR) [55]. The dotted line shows the result in the ordinary
single-channel BCS model (which is also a model for a broad MFR). [Reprinted figure
with the permission from Junjun Xu, Ren Zhang, Yanting Cheng, Peng Zhang, Ran Qi,
and Hui Zhai, “Reaching a Fermi-superfluid state near an orbital Feshbach resonance”,
Phys. Rev. A 94, 265301 (2016). Copyright (2016) by the American Physical Society.
https://doi.org/10.1103/PhysRevA.94.033609.]
gas is known to eventually become unity (dashed line in panel (a)) [59, 66]. However, the
observed shape after long time from the release exhibits the inversion of the aspect ratio
Ry/Rx, that is, Ry/Rx changes from Ry/Rx < 1 to Ry/Rx > 1 (where Rx, Ry represent the
size of the gas cloud in the x and y direction, respectively). This is a characteristic behavior
of an interacting Fermi gas, indicating that OFR really induces a strong interaction between
173Yb Fermi atoms [59, 66].
Although the superfluid phase transition has not been achieved yet in 173Yb Fermi gas,
it has recently been predicted that the OFR-induced interaction may realize the BCS-
BEC crossover phenomenon, as shown in Fig. 1.11 [67]. The theoretical prediction of the
superfluid phase transition in this work has been obtained by taking into consideration
pairing fluctuations within the strong coupling theory developed by Nozie`res-Schmitt-Rink
(NSR) [55]. The significance of this work lies in the fact that the phase transition is realized
for a relatively narrow Feshbach resonance. Reference [67] discusses two important points
about the superfluid phase transition. Firstly, the OFR system has two two-body bound
states. One corresponds to the shallow bound state  2h¯2/[m(aintra  ainter)], and the other
corresponds to a much deeper bound state  2h¯2/[m(aintra + ainter)]. The former one is
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responsible for OFR. Secondly, the existence of the open and closed channel lead to two
superfluid order parameters. By extending the mean-field theory to finite temperatures,
it has been shown [68] that both the order parameters vanish simultaneously at the same
temperature, which a rms the existence of a single phase-transition temperature Tc for
both the open and the closed channels. Apart from detail, we find that the overall behavior
of Tc in Fig. 1.11 is similar to the case of a broad MFR shown in Fig. 1.5.
Although we do not examine the superfluid phase below Tc, we briefly note that it
has been predicted that the two superfluid order parameters have opposite signs to each
other (⇡-phase) [68]. The possibility of the out-of-phase collective oscillations of the two
superfluid order parameters, which is also referred to as the Leggett mode, has also been
discussed [69, 70].
We also note that the closed channel has the same energy level as the open channel when
the parameter ⌫/2 in Eq. (1.9) vanishes, which is realized when B = 0. This indicates that
we cannot ignore the contribution of the closed channel, at least near the regime B = 0.
This situation is quite di↵erent from the broad MFR case, where it is di cult to examine
the closed channel because the energy level of this channel is much higher than that of
the closed channel. Thus, the newly discovered OFR in a 173Yb Fermi gas is expected to
provide the unique opportunity to study physical properties of the closed channel in the
BCS-BEC crossover region.
Regarding the observability of OFR, in this thesis, we deal with a 173Yb Fermi gas. The
Fermi degeneracy has already been realized in the 173Yb case, along with the observation of
resonance as shown in Fig. 1.7. Although, OFR has not been observed in any other element
yet, we do not conclude that 173Yb is the only element that is eligible for displaying OFR.
The Fermi degeneracy in a 87Sr Fermi gas (a group 2 element) has also been observed [71],
which gives a direction for the realization of OFR in the near future. Thus, the possibility
of OFR is not restricted to 173Yb alone, but could be inherited by elements with electronic
spin S=0 (such as group 2 (alkaline-earth) or alkaline-earth-like elements) and with small
energy gap between the open and the closed channels.
Before ending this section, we provide a brief discussion on the comparative picture of
the OFR and MFR involving the open and the closed channels. In MFR, as we schematically
show in Fig. 1.2(a), the incoming atoms are known to be in the open channel. Undergoing
a scattering process, they form a virtual molecular state i.e., the closed channel with a
very short lifetime, which further dissociates into two atoms. This repeated pairing and
dissociation process is dominated by the s-wave scattering length. In the MFR case, the
energy di↵erence between the open channel state and the closed channel state is very large,
so that we may consider the scattering states only in the open channel. In the OFR case,
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Table 1.1: Comparison between the ordinary magnetic Feshbach resonance and orbital
Feshbach resonance.
Comparison between MFR and OFR
Magnetic Feshbach
Resonance (MFR)
Orbital Feshbach
Resonance (OFR)
Elements observed
Alkali-metal atoms with
S = 1/2, e. g. 40K, 6Li.
Alkaline-earth/alkaline-earth
like atoms with S = 0, e. g.
87Sr, 173Yb.
Appearance of closed
channel particles
Virtual particles in the pair
formation and dissociation
process.
Real particles in this Feshbach
resonance phenomenon.
Number of
components in the
system
2 atomic hyper-fine states.
2 ⇥ 2 component with 2
electronic and 2 nuclear spin
components.
Energy di↵erence
between open and
closed channel
Large (few orders of
magnitude larger than the
Fermi energy). Thus, we may
consider the scattering states
only in the open channel.
MFR ! single-band model.
Small (comparable to or even
smaller than the Fermi
energy). Thus, we need to
treat scattering states in the
open and closed channel.
OFR ! two-band model.
Number of superfluid
order parameters
1
2 (They appear at the same
superfluid phase transition
temperature.)
Interactive force Contact type interaction.
Contact type interaction
accompanied by interchannel
coupling.
Schematic picture of
the outermost orbit of
the atom
e-
Nucleus
e-
Nucleus
e-
on the other hand, the closed channel particles appear as real particles in this scattering
process due to the small energy di↵erence between the open and the closed channel. For
the better understanding, we summarize the di↵erences between MFR and OFR in Table
1.1.
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Figure 1.12: Observed photoemission spectrum in the BCS-BEC crossover regime of a 40K
Fermi gas [22]. (a) Weak interaction normal Fermi gas. (b) Unitarity limit ((kFas) 1 = 0)
at T ' Tc. (c) Strong coupling regime ((kFas) 1 = +1). The black solid line shows the
free-particle dispersion. The white dots are peak positions of the spectral intensity. The
white lines are fittings of the observed peak positions. [Reprinted by permission from
Springer Nature, J. T. Stewart, J. P. Gaebler, and D. S. Jin, “Using photoemission spec-
troscopy to probe a strongly interacting Fermi gas”, Nature 454 (2008), copyright (2008).
https://doi.org/10.1038/nature07172.]
1.4 Photoemission spectrum (PES)
The purpose of this thesis is to clarify strong coupling properties of a rare-earth Fermi gas
with an OFR, especially from the viewpoint of single-particle excitations. In cold Fermi
gas physics, single-particle excitations can be examined by using the photoemission-type
experiment developed by JILA group [22]. In this section, we review how this spectral
experiment has been applied to an ultracold Fermi gas with a broad MFR in the BCS-BEC
crossover region [72].
Figure 1.12 show the photoemission spectrum (PES) observed in the BCS-BEC crossover
regime of a 40K Fermi gas [22]. In a very weakly interacting Fermi gas shown in panel (a),
the spectral peak is along the single-particle dispersion ! = p2/2m. With increasing the
interaction strength, the spectral peak gradually deviates from the free particle dispersion
(see panel (b)), to eventually exhibit a double peak structure, as shown in panel (c). In
17
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Figure 1.13: Calculated intensity of PES in the BEC side ((kFas) 1   0) of a trapped
ultracold Fermi gas with a broad MFR [46]. The dashed line represents peak positions of
the spectral intensity. The white dots show the peak position observed in a 40K trapped
Fermi gas, shown in Fig. 1.12. The intensity is normalized by the inverse Fermi energy " 1F .
[Reprinted figure with the permission from Shunji Tsuchiya, Ryota Watanabe, and Yoji
Ohashi, “Pseudogap temperature and e↵ects of a harmonic trap in the BCS-BEC crossover
regime of an ultracold Fermi gas”, Phys. Rev. A 84, 043647 (2011). Copyright (2011) by
the American Physical Society. https://doi.org/10.1103/PhysRevA.84.043647.]
the strong coupling BEC region, most Fermi atoms are considered to form tightly bound
molecules, and the energy gap between the two branches in Fig. 1.12(c) physically describes
the molecular binding energy.
At the unitary ((kFas) 1 = 0), one sees in Fig. 1.12(b) that photoemission-spectral peak
(white line) exhibits the so-called back-bending behavior, which cannot be explained as far
as we consider a non-interacting Fermi gas (which gives the spectral peak along the black
solid line in this figure). Regarding this, we point out that it has theoretically been predicted
that strong pairing fluctuations in the crossover regime cause the pseudogap phenomenon,
where a BCS-state-like gap structure appears in the single-particle density of states, even in
the normal state with vanishing superfluid order parameter. At present, this prediction has
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not been experimentally confirmed yet, because one cannot directly measure the (pseudo-
gapped) density of states in the current experimental technology in cold Fermi gas physics.
However, it has been shown that the observed back-bending behavior in the unitary limit
can be quantitatively explained by the strong-coupling T -matrix approximation (TMA)
involving the pseudogap e↵ects associated with pairing fluctuations, as shown in Fig. 1.13.
1.5 Goal and outline of this thesis
In this thesis, we theoretically investigate strong coupling properties of a rare-earth Fermi
gas with an OFR. In particular, we focus on a 173Yb Fermi gas, because OFR has recently
been discovered there. To describe this system, we deal with a two band Fermi gas, con-
sisting of two pseudospin states in the open channel and other two pseudospin states in the
closed channel. Including strong pairing fluctuations induced by a tunable pairing interac-
tion associated with an OFR within the framework of a T -matrix approximation (TMA),
we evaluate the single-particle density of states ⇢↵(!) in both the open (↵ = o) and the
closed (↵ = c) channel, as well as the single-particle spectral weight A↵(p,!) in the BCS-
BEC crossover region above Tc. We briefly note that the BCS-BEC crossover behavior of
Tc has been discussed within the NSR theory. However, since this strong-coupling theory is
known to unphysically give negative density of states in the crossover region, we extend the
NSR theory to include higher-order pairing fluctuations to the TMA level (which is known
to give the expected positive density of states in the whole BCS-BEC crossover region) [44].
Although the density of states, as well as the spectral weight, are convenient quantities to
theoretically examine strong-coupling corrections to single-particle properties of the system,
a weak point of this approach is that these are not observable in the current experimental
stage of cold Fermi gas physics. Thus, to connect our work to an observable quantity, we also
calculate the photoemission spectrum (PES). Regarding this, real ultracold Fermi gases are
usually trapped in a harmonic potential, and the standard photoemission experiment has
no spatial resolution. The observed spectrum is, thus, the spatially averaged one. In this
thesis, we also take into account this realistic situation, by including e↵ects of a harmonic
trap within the local density approximation (LDA).
This thesis is organized as follows: In Chap. 2, we explain our formulation. We first
derive a model two band Hamiltonian describing an interacting 173Yb Fermi gas with OFR.
We then present a strong-coupling theory including fluctuations in the Cooper channel
within a TMA. However, when we simply apply the standard TMA developed in the single-
channel BCS model to the present two-channel (two-band) case for a 173Yb Fermi gas,
the resulting theory involves e↵ects of an experimentally inaccessible deep bound state, in
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addition to the shallow one responsible for OFR. Thus, we explain in detail how to remove
the former e↵ects from the theory. In this chapter, we also introduce the LDA to include
e↵ects of a harmonic trap.
Chapter 3 is devoted to the study of single-particle density of states (DOS) and single-
particle spectral weight (SW) in a uniform 173Yb Fermi gas. We explain how to evaluate the
single-particle DOS and single-particle SW, based on the amended T -matrix approximation
(ATMA) explained in Chap. 2. We then clarify how strong pairing fluctuations tuned by
OFR di↵erently a↵ect single-particle properties of the open and closed channels.
In Chap. 4, we examine how these strong coupling corrections can be seen in the
photoemission spectrum in the BCS-BEC crossover regime. E↵ects of a harmonic trap are
also examined here.
In Chap. 5, we summarize this thesis.
Throughout this thesis, we set h¯ = kB = 1. In the uniform case, the system volume is
taken to be unity, for simplicity.
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Formulation: Strong-coupling
T -matrix approximation and its
extension to rare-earth Fermi gas
with OFR.
In this chapter, we present our formulation. Although this thesis studies a rare-earth Fermi
gas with an OFR, we first review a T -matrix approximation (TMA) which has been ex-
tensively used for the study of alkali metal 40K and 6Li Fermi gases with a broad MFR in
the BCS-BEC crossover region. We then explain how to construct a model Hamiltonian to
e↵ectively describe the two-channel feature (open channel and closed channel) of a 173Yb
Fermi gas with OFR, as well as how to extend the above-mentioned TMA to this rare-earth
system. We point out that, when we naively apply the TMA to this model of 173Yb Fermi
gas, the resulting theory involves e↵ects of an experimentally inaccessible deep bound state.
We also present a convenient prescription to remove this “unwanted” component. Using
this amended T -matrix approximation (ATMA), we evaluate the superfluid phase transi-
tion temperature Tc, as well as the Fermi chemical potential at and above Tc, that will
be used in considering single-particle properties of this system in later chapters. In most
experiments, a Fermi gas is trapped in a harmonic potential. Thus, we also explain how to
deal with e↵ects of the spatial inhomogeneity of the system due to the trapped geometry
in the Local Density Approximation (LDA).
21
CHAPTER 2. FORMULATION: STRONG-COUPLING T-MATRIX
APPROXIMATION AND ITS EXTENSION TO RARE-EARTH FERMI GAS WITH
OFR.
2.1 T -matrix approximation (TMA) for single-channel
BCS model
In this section, we take up the case of a broad MFR in 40K and 6Li Fermi gases [44–47]. As
mentioned in Chap. 1, in this case, we can safely ignore the closed channel after obtaining
a tunable pairing interaction associated with a MFR, working in the open channel. In
addition, as far as we consider the interesting BCS-BEC crossover physics, this interaction
may be treated as the simplest contact-type s-wave interaction, where the coupling constant
is assumed to be tunable by adjusting an external magnetic field. Thus, this system can
be simply described by the ordinary BCS Hamiltonian (single-channel Hamiltonian), given
by [44–47],
H =
X
p, 
⇠pc
†
p cp    U
X
q
X
p,p0
c†p+q/2"c
†
 p+q/2#c p0+q/2#cp0+q/2". (2.1)
Here, we assume that Fermi atoms in two atomic-hyperfine states |F, Fzi are selectively
trapped, that are described by pseudospin   =", #. As mentioned in Chap. 1,
40K =
8<:| "i = |9/2, 9/2i,| #i = |9/2, 7/2i,
and
6Li =
8<:| "i = |1/2, 1/2i,| #i = |1/2, 1/2i.
In Eq. (2.1) cp  is the annihilation operator of a Fermi atom with pseudospin   =", #.
⇠p = "p µ = p2/(2m) µ is the atomic kinetic energy, measured from the Fermi chemical
potential µ, where m is an atomic mass.  U(< 0) is an attractive pairing interaction
associated with a broad MFR, which is treated as a tunable parameter in this model. As
usual in cold atom physics, we measure the strength of the pairing interaction in terms of
the s-wave scattering length as, which is related to the “bare” interaction  U as [44],
4⇡as
m
=   U
1  UPpcp 12"p , (2.2)
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where pc is a high-energy cut-o↵. In this scale, the weak-coupling BCS regime and strong-
coupling BEC regime are described as (kFas) 1 <⇠   1, and (kFas) 1 >⇠ + 1, respectively,
where kF is the Fermi momentum. The region between the two,  1<⇠ (kFas) 1 <⇠ + 1, is
sometimes referred to as the BCS-BEC crossover region in the literature.
To examine single-particle properties of the system, it is convenient to consider the
single-particle thermal Green’s function, given by [73],
G(p, ⌧) =  hT⌧ [cp(⌧)c†p(0)]i. (2.3)
Here, T⌧ is the time-ordering operator indicating that the field operators following it are
arranged in the order such that their time arguments increase from right to left. ⌧ is the
imaginary time, and
cp(⌧) = e
H⌧cpe
 H⌧ . (2.4)
In Eq. (2.3), h....i represents the thermal average.
In the Green’s function formalism, strong-coupling e↵ects can be described by the self-
energy. To include this quantity, it is convenient to Fourier-transform Eq. (2.3) into the
Matsubara frequency space as,
G(p, i!n) =
Z  
0
d⌧ei!n⌧G(p, ⌧). (2.5)
The self-energy ⌃(p, i!n) then appears in G(p, i!n) as,
G(p, i!n) =
1
i!n   ⇠p   ⌃(p, i!n)
=
1
G0(p, i!n) 1   ⌃(p, i!n) , (2.6)
where !n is the fermion Matsubara frequency. G0(p, i!n) is the bare Green’s function in a
free Fermi gas:
G0(p, i!n) =
1
i!n   ⇠p . (2.7)
In 40K and 6Li Fermi gases, the so-called T -matrix approximation (TMA) has extensively
been used, to successfully explain strong-coupling corrections to single-particle properties
in the BCS-BEC crossover region. In TMA, pairing fluctuations, that are physically de-
scribed by the repeat of pair-formation and dissociation by a strong pairing interaction, are
diagrammatically taken into account in the self-energy ⌃(p, i!n), as shown in Fig. 2.1. In
panel (b), the ladder diagrams represent the repeat of the pair-formation and dissociation.
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= + + + …
∑(p,i!n) = Γ(q,iνn) 
Γ(q,iνn) 
G0(p,i!n) 
-U
(a)
(b)
Figure 2.1: (a) Self energy correction ⌃(p, i!n) in TMA for the single-channel BCS model.
(b) Particle-particle scattering matrix  (q, i⌫n) in TMA. The black solid line represents
the free Green’s function G0(p, i!n) in Eq. (2.6). The dashed line denotes the attractive
interaction  U .
Summing up the diagrams in Fig. 2.1, we obtain the TMA self-energy as,
⌃(p, i!n) = T
X
q,i⌫n
 (q, i⌫n)G0(q  p, i⌫n   i!n)ei(⌫n !n) . (2.8)
Here ⌫n is the boson Matsubara frequency, and   is an infinitesimally small positive num-
ber. This T -matrix approximation method is non-self-consistent theory, because it does
not treat the Green’s function in ⌃(p, i!n) self-consistently, but uses the bare Green’s
function G0(p, i!n).  (q, i⌫n) is the particle-particle scattering matrix, describing pairing
fluctuations in the Cooper channel, having the form,
 (q, i⌫n) =
 U
1  U⇧(q, i⌫n)
=
4⇡as
m
1
1 + 4⇡asm
"
⇧(q, i⌫n) 
P
p
1
2"p
# , (2.9)
where we have used the scattering length as given in Eq. (2.2) in the last expression. In
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Eq. (2.9),
⇧(q, i⌫n) = T
X
p,i!n
G0(p+ q/2, i!n)G0( p+ q/2, i⌫n   i!n)
=  
X
p
1  f(⇠p+q/2)  f(⇠p q/2)
i⌫n   ⇠p+q/2   ⇠p q/2 (2.10)
is the lowest-order pair-correlation function, where
f(!) =
1
e ! + 1
(2.11)
is the Fermi distribution function. For the derivation of Eq. (2.10), see Appendix A. We
briefly note that Eq. (2.10) involves the ultraviolet divergence, which is, however, cancelled
out by the term
P
p(1/2"p) appearing in the denominator in Eq. (2.9).
In TMA, the superfluid phase transition temperature Tc is determined from the Thouless
criterion [74], stating that the superfluid instability of the system occurs when the particle-
particle scattering matrix  (q, i⌫n) in Eq. (2.9) has a pole in the low energy and low
momentum limit (⌫n = 0, q = 0), which gives the Tc equation. The resulting Tc-equation
has the form
1 =  4⇡as
m
X
p
"
1
2("p   µ)tanh
⇠p
2T
  1
2"p
#
. (2.12)
Equation (2.12) formally has the same form as the Tc-equation in the ordinary mean-field
BCS theory. However, while we can safely set µ = "F (where "F is the Fermi energy) in
the latter mean field case, the Fermi chemical potential µ is known to remarkably deviate
from "F, as one passes through the BCS-BEC crossover region [44]. To include this strong
coupling e↵ect, we actually solve the Tc-equation (2.12), together with the equation for the
number N of Fermi atoms,
N = 2T
X
p,i!n
G(p, i!n)e
i!n . (2.13)
Here, the factor 2 comes from the pseudospin degrees of freedom (  =", #).
Figure 2.2 shows the self-consistent solutions for Tc and µ(Tc) in TMA. Starting from
the weak-coupling BCS regime ((kFas) 1 <⇠   1), we see in panel (a) that Tc gradually
deviates from the weak coupling BCS result,
TBCSc =
8
⇡
TFe
  2e
⇡
2kFas (kFas)
 1 ⌧  1 (2.14)
(where,   ' 0.577 is the Euler constant), as one passes through the crossover region. In
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Figure 2.2: TMA self-consistent solutions of the coupled equations (2.12) and (2.13). (a)
Superfluid phase transition temperature Tc. (b) Fermi chemical potential µ at Tc. In panel
(a), the dashed line shows TBCSc in the weak coupling mean-field BCS theory. The dotted
line shows the BEC phase transition temperature TBEC of an ideal Bose gas with N/2
molecules with the molecular mass MB = 2m (where N is the number of Fermi atoms). In
panel (b), the dashed line shows µ =  1/(2ma2s).
the strong-coupling BEC regime ((kFas) 1>⇠ +1), Tc approaches the BEC phase transition
temperature of an ideal Bose gas ofNB = N/2 molecules with the molecular massMB = 2m,
given by
TBECc =
2⇡
(⇣(3/2))2/3
(NB/V )2/3
MB
= 0.218TF. (2.15)
Here ⇣(3/2) = 2.612 is the Riemann’s zeta function,
In this BCS-BEC crossover phenomenon, Fig. 2.2 shows that the Fermi chemical po-
tential µ(Tc) at Tc gradually deviates from the Fermi energy "F with increasing the inter-
action strength, to be negative in the strong coupling regime. In the extreme BEC regime
((kFas) 1   +1), noting that (1) most Fermi atoms form two-body bound molecules with
the binding energy,
Ebind =
1
ma2s
, (2.16)
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Figure 2.3: Calculated TMA single-particle spectral weight at Tc. (a) Weak-coupling BCS
side, (kFas) 1 =  0.6. (b) Unitary regime, (kFas) 1 = 0. (c) Strong-coupling BEC side,
(kFas) 1 = 0.6. The intensity is normalized by " 1F .
and (2) the Fermi chemical potential µ physically means the energy to add one Fermi atom
to the system, we expect,
µ '  1
2
Ebind. (2.17)
Indeed, Fig. 2.2(b) shows this expected behavior of µ in the BEC regime. In Appendix B,
we derive Eq. (2.17).
To grasp strong-coupling e↵ects involved in TMA in a simple manner, it is instructive
to deal with this theory in the so-called static approximation [44]. Noting that the particle-
particle scattering matrix  (q = 0, i⌫n = 0) diverges at Tc (Thouless criterion), one expects
that  (q, i⌫n) is enhanced around q = ⌫n = 0 even in the normal state near Tc. Keeping
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Figure 2.4: Calculated single-particle density of states (DOS) in TMA. (a) Interaction
dependence at Tc. (b) Temperature dependence at the unitarity (kFas) 1 = 0.
this in mind, we approximate the TMA self-energy in Eq. (2.8) to (static approximation),
⌃(p, i!n) ⇠= G0( p, i!n)⇥ T
X
q,i⌫n
 (q, i⌫n)
⌘   2PG ⇥G0( p, i!n), (2.18)
where,
 PG =
s
 T
X
q,i⌫n
 (q, i⌫n) (2.19)
is the pseudogap parameter, physically describing e↵ects of pairing fluctuations. Substi-
tuting Eq. (2.18) into the Green’s function in Eq. (2.6), one has,
G(p, i!n) =
1
i!n   ⇠p    
2
PG
i!n+⇠p
. (2.20)
Equation (2.20) indicates that pairing fluctuations described by the pseudogap parameter
 PG couple the particle branch,
! = ⇠p = "p   µ = p
2
2m
  µ, (2.21)
with the hole branch
! =  ⇠p =  "p + µ =   p
2
2m
+ µ. (2.22)
In the weak-coupling BCS regime (where µ > 0), these two branches cross each other
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at (!, p) = (0,
p
2mµ). This “particle-hole” coupling by  PG is expected to cause the level
repulsion, giving the energy gap around this crossing point. Indeed, Eq. (2.20) can be
written in the same form as the diagonal component of the BCS Green’s function [75], as
G(p, i!n) =   i!n + ⇠p
!2n + ⇠
2
p + 
2
PG
, (2.23)
which gives the Bogoliubov-like gapped single-particle dispersions,
!± = ±Ep = ±
q
("p   µ)2 + 2PG. (2.24)
When µ > 0, the energy between the two branches !± becomes minimum (= 2 PG) at
p =
p
2mµ, as expected.
Figure 2.3 shows the calculated single-particle spectral weight A(p,!) in TMA, given
by
A(p,!) =   1
⇡
Im G(p, i!n ! ! + i ), (2.25)
where G(p, i!n ! ! + i ) is the analytic-continued Green’s function, with   being an
infinitesimally small positive number. In this thesis, we numerically execute this kind
of analytic continuation by the Pade´ approximation. (For the detail of this method, see
Appendix C.) In the BCS regime (µ > 0) shown in panel (a), we slightly see the peak line
along the hole dispersion in Eq. (2.22), in addition to the sharp peak along the particle
dispersion in Eq. (2.21). We also see the level repulsion, as well as the gap-like structure
around p/kF ' 1, being constant with the above discussion in the static approximation.
We briefly note that, when Eq. (2.23) is used in Eq. (2.25), one obtains,
A(p,!) =
1
2
 
1 +
⇠p
Ep
!
 (!   Ep) + 1
2
 
1  ⇠p
Ep
!
 (! + Ep), (2.26)
which has two peaks along ! = ±Ep, as seen in Fig. 2.3(a).
In the static approximation, since the resulting Green’s function in Eq. (2.20) has the
same form as the mean-field BCS Green’s function, this approximation gives the BCS-state-
like fully gapped DOS ⇢(!) with the gap size 2 PG in the BCS regime. However, when one
directly evaluates DOS in TMA from,
⇢(!) =
X
p
A(p,!), (2.27)
what we actually obtain is the partially filled pseudogap, as shown in Fig. 2.4(a). This
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Figure 2.5: Single-particle spectral weight A(p,!) above Tc. We set (kFas) 1 = 0 (unitary
Fermi gas). (a)T = 0.24TF = Tc. (b) T = 0.3TF. (c) T = 0.6TF. (d) T = 0.9TF. The
intensity is normalized by " 1F .
pseudogap structure gradually becomes more remarkable with increasing the strength of
a tunable pairing interaction, as seen in Fig. 2.4(a). Correspondingly, the (pseudo)gap
structure in the spectral weight also becomes more remarkable in Fig. 2.3(b). In the
static approximation, this corresponds to larger pseudogap parameter  PG for stronger
pairing fluctuations with increasing the interaction strength. On the other hand, since
pairing fluctuations become weak as one increases the temperature from Tc, this pseudogap
phenomenon also becomes obscure at high temperatures, as seen in Figs. 2.4(b) and 2.5.
In the strong-coupling BEC regime where µ < 0, the particle branch,
! =
p2
2m
+ |µ|, (2.28)
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no longer crosses the hole branch,
! =   p
2
2m
  |µ|. (2.29)
This can be confirmed in Fig. 2.3(c). In this case, the energy gap between the two
Bogoliubov-like dispersions,
!± = ±
q
("p + |µ|)2 + 2PG, (2.30)
equals, not 2 PG, but 2
p|µ|2 + 2PG ' 2|µ|. In the extreme BEC limit, it approaches the
binding energy 2|µ| = 1/(ma2s) of a two-body bound molecule. This is a reasonable result,
because this limit is well described by a gas of tightly bound molecules, and the Fermi
excitations are accompanied by their dissociations there.
The above discussions indicate that TMA is a useful strong-coupling theory to examine
how pairing fluctuations a↵ect single-particle properties of a Fermi gas in the BCS-BEC
crossover region. In the next section, we extend TMA to the case of a rare-earth Fermi gas
with OFR.
2.2 TMA formalism for a rare-earth Fermi gas with
OFR
In this section, we extend TMA developed in alkali metal 40K and 6Li Fermi gases with a
broad MFR (that can e↵ectively be described by the single-channel BCS model in Eq. (2.1))
to a rare-earth Fermi gas with OFR. In Sec. 2.2.1, we first present a model Hamiltonian to
describe this system. We then apply TMA to this model in Sec. 2.2.2.
2.2.1 Two-band (channel) model for 173Yb Fermi gas with OFR
We start from the two-channel system explained in Sec. 1.3, where each open and closed
channel consists of two components, as schematically shown in Fig. 1.9 (see also Eq. (1.7)).
The kinetic term (⌘ HK) of this system is then given by,
HK =
X
p
[(⇠p + E)c
†
o"pco"p + (⇠p + ⌫g)c
†
o#pco#p]
+
X
p
[⇠pc
†
c"pcc"p + (⇠p + E + ⌫e)c
†
c#pcc#p]. (2.31)
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Here, c↵ p is the annihilation operator of a Fermi atom in the |↵(= o, c),  (=", #)i-state
given in Eq. (1.7).  E is the energy di↵erence between the 1S0 and 3P0 states in the absence
of an external magnetic field. ⌫g and ⌫e are, respectively, the energy di↵erence between
|gi||bi and |gi||ai, and |ei||bi and |ei||ai (see Fig. 1.9). The magnitude of ⌫e is di↵erent
from the magnitude of ⌫g due to the di↵erence in the nuclear Lande` g-factor [67–69,76–81].
In what follows, we take ⌫e   ⌫g, without loss of generality.
For the interaction between Fermi atoms, we assume that it does not depend on the
nuclear-spin degrees of freedom. In this case, the interaction Hamiltonian (⌘ Hint) can be
divided into the term acting on the nuclear-spin triplet channel,
|+i = 1
2
(|ei|gi+ |gi|ei) (||ai||bi   ||bi||ai), (2.32)
and the term acting on the nuclear-spin singlet channel,
| i = 1
2
(|ei|gi   |gi|ei) (||ai||bi+ ||bi||ai). (2.33)
Denoting the coupling constant in the |+i-channel and | i-channel as U++ and U  , re-
spectively, one can write the interaction Hamiltonian as,
Hint = U++|+ih+|+ U  | ih |. (2.34)
We note that there is no “o↵-diagonal” terms (|+ih | and | ih+|) in this case. In Eq.
(2.34), we have assumed an s-wave interaction in each |+i- and | i- channel.
The total Hamiltonian H = HK +Hint is then given by [68],
H =
X
p
h⇥
⇠p + E]c
†
o"pco"p +
⇥
⇠p + ⌫g
⇤
c†o#pco#p
i
+
X
p
h
⇠pc
†
c"pcc"p +
⇥
⇠p + E + ⌫e
⇤
c†c#pcc#p
i
+
1
2
X
q,s=±
UssA
"#
s (q)
†A"#s ( q), (2.35)
where,
A"#± (q) =
X
p
⇥
co"p+q/2co# p+q/2 ± cc"p+q/2cc# p+q/2
⇤
. (2.36)
In our model, the total number of Fermi atoms described by the number operator,
N =
X
p,↵=o,c, ="#
c†↵ pc↵ p (2.37)
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Figure 2.6: Two-body scattering matrix  2Bopen in the open channel. Uintra and Uinter denote
an intra-band and inter-band interaction respectively.
is conserved. In addition, we consider the case when the number of atoms in the 1S0 state
Ng, the number of atoms in the 3P0 state Ne, the number of atoms in the nuclear-spin state
||ai N", and the number of atoms in the nuclear-spin state ||bi N#, are also conserved, that
are given by respectively,
Ng =
X
p =",#
c†g pcg p, (2.38)
Ne =
X
p =",#
c†e pce p, (2.39)
N" =
X
p↵=o,c
c†↵"pc↵"p, (2.40)
N# =
X
p↵=o,c
c†↵#pc↵#p. (2.41)
Because of these conserving quantities, one may subtract the “conserving terms” ⌫gN +
[ E + [⌫e   ⌫g]/2]Ne   [⌫e + ⌫g]N"/2 from the Hamiltonian in Eq. (2.35) without loss of
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essential properties of this model. Then we have,
H =
X
p, =",#
⇠pc
†
o pco p
+
X
p, =",#
[⇠p + ⌫/2] c
†
c pcc p
+
Uintra
2
X
p,p0,q
h
c†o"p0+q/2c
†
o# p0+q/2co# p+q/2co"p+q/2
+ c†c"p0+q/2c
†
c# p0+q/2cc# p+q/2cc"p+q/2
i
+
Uinter
2
X
p,p0,q
h
c†o"p0+q/2c
†
o# p0+q/2cc# p+q/2cc"p+q/2
+ c†c"p0+q/2c
†
c# p0+q/2co# p+q/2co"p+q/2
i
.
(2.42)
In Eq. (2.42),
⌫
2
=
(⌫e   ⌫g)
2
= 2⇡h¯⇥ 56 mB[Hz], (2.43)
is the band gap between the open channel and closed channel. In the last expression in Eq.
(2.43), B is an external magnetic field, and  m = 5 is the di↵erence of the nuclear-spin
numbers of ||ai and ||bi. Since we are considering the case of ⌫e   ⌫g, the closed-channel
band is located above the open-channel band. We also briefly note that the band gap ⌫/2 in
Eq. (2.43) is proportional to the magnetic field B, which will be used to tune the strength
of a pairing interaction in the open channel.
Equation (2.42) has two interaction terms, that is, the intraband term,
Uintra =
1
2
[U   + U++], (2.44)
as well as the interband term,
Uinter =
1
2
[U     U++], (2.45)
where U   and U++ are given in Eq. (2.34). While the intra-band term has the same form
as the ordinary BCS-type contact interaction (see the last term in Eq. (2.1)), the inter-
band term describes “pair-tunneling” [82] between the open and closed channels. That is,
two atoms in the open (closed) channel are simultaneously transferred to the closed (open)
channel by Uinter.
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To confirm that the model Hamiltonian in Eq. (2.42) really involves a tunable interac-
tion, we directly evaluate the s-wave scattering length as in the open channel by summing
up all the two-body scattering processes shown in Fig. 2.6. The resulting particle-particle
scattering matrix is related to as (e↵ective scattering length in the open channel) as,
4⇡as
m
=  2Bopen(q = 0,! = 0), (2.46)
which gives,
as = aintra + ainter
p
m⌫
1 pm⌫aintraainter. (2.47)
Here, aintra = [a  + a+]/2 and ainter = [a    a+]/2 represent the s-wave scattering lengths
for the intra-band and inter-band interactions, respectively, where a+ and a  describe the
s-wave scattering lengths for the interaction U++ and U  , respectively. These are given
by,
4⇡a±
m
=
U±±
1 + U±±
Ppc
p
1
2"p
, (2.48)
where a± have been measured in a 173Yb Fermi gas as [59, 60]:8<:a+ = 1900a0,a  = 200a0. (2.49)
Here, a0 = 0.529A˚ is the Bohr radius. In this thesis, we also employ these values in our
numerical calculations. Equation (2.47) clearly indicates that the scattering length as in
the open channel is tunable by adjusting the magnitude of the band gap ⌫/2 by varying
an external magnetic field (see Eq. (2.43)). This is just the OFR-induced tunable pairing
interaction in a 173Yb Fermi gas. The unitary limit (a 1s ! 0) is realized when
⌫ =
1
ma2intra
⌘ ⌫unitarity. (2.50)
Around this, the scattering length changes its sign. To see this, we briefly show in Fig. 2.7 as
as a function of the band gap ⌫. When we take the typical particle density n = 5⇥1013cm 3
observed in the trap center of a 173Yb Fermi gas, the vanishing band gap (⌫ = 0) corresponds
to,
1
kFas
= 1.57, (2.51)
where kF = (3⇡2n)1/3 is the Fermi momentum in an assumed free Fermi gas with the particle
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Figure 2.7: Calculated tunable s-wave scattering length as in the open channel. To evaluate
Eq. (2.47), we use the experimental values aintra = [a  + a+]/2 = 1050a0 and ainter =
[a    a+]/2 =  850a0.
density n. Thus, we consider the region,
1
kFas
 1.57, (2.52)
in this thesis. Regarding this, we briefly note that the restriction in Eq. (2.52) means that
we cannot go deep inside the strong coupling BEC regime ((kFas) 1   1) in the present
OFR-case; however, we will show that the strong-coupling BEC behavior can already be
seen around (kFas) 1 ' 1.57, so that we can still examine BCS-BEC crossover physics by
using a 173Yb Fermi gas with OFR.
2.2.2 Amended T -matrix approximation (ATMA) in a two-band
Fermi gas with OFR
.
We now extend TMA explained in Sec. 2.1 to the model two-band Fermi gas described
by the Hamiltonian in Eq. (2.42). For this purpose, we introduce two kinds of single-
particle thermal Green’s function Go(p, i!n) and Gc(p, i!n) to describe the open and closed
channels, respectively. These involve self-energy terms ⌃↵=o,c(p, i!n) as to describe strong-
coupling e↵ects in the open and closed channels, as,
G↵=o,c(p, i!n) =
1
i!n   ⇠↵p   ⌃↵(p, i!n)
, (2.53)
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Figure 2.8: TMA self-energy correction in the ↵-channel. The particle-particle scattering
matrix  ↵↵ is diagrammatically given in the first line in Fig. 2.9. The bare Green’s function
G0↵ in the ↵ channel is given in Eq. (2.55).
where,
⇠op = "p   µ ⌘ "p   µo,
⇠cp = "p + ⌫/2  µ ⌘ "p   µc
denote the kinetic energies in the open and the closed channel, respectively. In TMA, the
self-energy in the ↵-channel (↵ = o, c) is diagrammatically described as Fig. 2.8, which
gives,
⌃↵(p, i!n) = T
X
q,⌫n
 ↵↵(q, i⌫n)G
0
↵(q   p, i⌫n   i!n), (2.54)
Here,
G0↵=o,c(p, i!n) =
1
i!n   ⇠↵p
(2.55)
is the bare single-particle thermal Green’s function in the ↵-channel.
In the previous broad MFR case, the particle-particle scattering matrix  (q, i⌫n) in-
volved in the TMA self-energy in Eq. (2.8) is obtained by simply summing up the ladder
diagrams shown in Fig. 2.1. In the present OFR case, on the other hand, the inter-band
(pair-tunneling) interaction Uinter in Eq. (2.42) couples the open and the closed channel, so
that we need to deal with more complicated ladder diagrams to obtain the particle-particle
scattering matrix  ↵↵ in Eq. (2.54), as shown in Fig. 2.9.  ↵↵0 describes the scattering
matrix in the case when atoms in the ↵-channel are scattered into the ↵0-channel. Summing
up these diagrams in this figure, we obtain,
 ˆ(q, i⌫n) =
 
 oo(q, i⌫n)  oc(q, i⌫n)
 co(q, i⌫n)  cc(q, i⌫n)
!
= [1  Uˆ⇧ˆ] 1Uˆ , (2.56)
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Γco = + +Γco Γoo
Γcc = + +Γcc
Uintra
Uinter
Uinter
Uintra
open,↑ open,↑
Γoc
open,↓ open,↓
open,↑
open,↓
closed,↑
closed,↓
open,↑ closed,↑
open,↓ closed,↓
open,↑
open,↓
closed,↑
closed,↓
closed,↑ open,↑
closed,↓ open,↓
closed,↑
closed,↓
open,↑
open,↓
closed,↑
closed,↓
closed,↑
closed,↓
closed,↑
closed,↓
open,↑
open,↓
Figure 2.9: Many-body particle-particle scattering matrix  ↵↵0(q, i⌫n) in TMA. The solid
line shows the bare Green’s function G0↵(p, i!n) in Eq. (2.55). In these diagrams,
 ↵↵0(q, i⌫n) means that atoms in the ↵0-channel are scattered into the ↵-channel.
where,
Uˆ =
 
Uintra Uinter
Uinter Uintra
!
, (2.57)
⇧ˆ =
 
⇧o 0
0 ⇧c
!
. (2.58)
Here, the lowest order pair-correlation function ⇧↵(q, i⌫n) in the ↵-channel is given by,
⇧↵=o,c(q, i⌫n) =
X
p
1  f(⇠↵p+q/2)  f(⇠↵ p+q/2)
i⌫n   ⇠↵p+q/2   ⇠↵ p+q/2
, (2.59)
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where, f(x) is the Fermi distribution function.
Before we proceed to the technical details employed for eliminating the experimentally
inaccessible state, we give a valid justification for this approximation. When we consider the
Hamiltonian given by Eq. (2.42), we obtain a deep bound state. In the thermodynamically
stable state, thus, a large number of Fermi atoms would occupy this state. However, in the
current experiment on a 173Yb Fermi gas, the maximum lifetime of the system has been
found out to be at most 20s [59] (coming from the lifetime of the metastable state). Due to
this short lifetime compared to the time needed to reach the real thermodynamically stable
state, although the experiment can reach the situation in Fig. 1.9 as a quasi-equilibrium
state, the system technically gets destroyed before reaching the thermodynamically equi-
librium state. For the transition of atoms into the thermodynamically stable state, where
the deep bound states are occupied, the three-body loss would be of importance [11]. To
approximately take into account this experimental situation within the framework of the
equilibrium TMA, we need to remove e↵ects of the experimentally inaccessible deep bound
state from the theory.
As mentioned previously, the present particle-particle scattering matrix  (q, i⌫n) in Eq.
(2.56) is known to involve the contribution from both the shallow bound state with the
binding energy Ebind+ =  1/(ma2+), as well as another bound state which is experimentally
inaccessible because of the very deep energy level Ebind  =  1/(ma2 )⌧ Ebind+ . (Note that
a+ = 1900a0 and a  = 200a0 in this case [64, 65].) In order to model the experimental
situation in a 173Yb Fermi gas, we need to eliminate the contribution from the latter deep
bound state. Without this prescription, in the thermodynamically equilibrium state, almost
all the Fermi atoms would form these tightly bound molecules, so that the system would
become close to a molecular Bose gas, rather than an interacting Fermi gas.
To achieve this, we diagonalize the 2⇥ 2-matrix  (q, i⌫n) in Eq. (2.56) as,
 ˆD ⌘ Wˆ  ˆWˆ 1 =
 
 +(q, i⌫n) 0
0   (q, i⌫n)
!
, (2.60)
where, the 2⇥ 2 matrix Wˆ has the form,
Wˆ =
 
X pY
2Uinter
X+
p
Y
2Uinter
1 1
!
, (2.61)
with,
X = [⇧o   ⇧c][U2intra   U2inter], (2.62)
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Y = [⇧o   ⇧c]2[U2intra   U2inter]2 + 4U2inter. (2.63)
The eigen-values  ± in Eq. (2.60) are given by,
 ± =
1
2
[U2inter   U2intra][⇧o + ⇧c] + 2Uintra ±
p
Y
1  Uintra[⇧o + ⇧c] + [U2intra   U2inter]⇧o⇧c
. (2.64)
To see which one corresponds to the unwanted deep bound state in a simple manner, it is
convenient to take the two-particle limit at T = 0. In this low density limit, one can ignore
the Fermi distribution function in the pair-correlation functions ⇧↵(q, i⌫n) in Eq. (2.64).
Setting q = 0 and executing the analytic continuation (i⌫n ! ! + i ), one reaches,
 ±(q = 0,!) =
4⇡a±
m
1 +
4⇡a±
m
X
p

1
2"p   !  
1
2"p
  . (2.65)
The equation for the binding energy of the bound state involved in  ± is then obtained as,
1 =  4⇡a±
m
X
p
"
1
2"p   !  
1
2"p
#
= a±
p
m|!| (2.66)
which gives Ebind =  1/(ma2±). That is,  + and    correspond to the shallow and deep
bound states, respectively. Thus, for the purpose of describing a 173Yb Fermi gas, we remove
the e↵ects of    by replacing the particle-particle scattering matrix  (q, i⌫n) with
ˆ˜  =
 
 ˜oo  ˜oc
 ˜co  ˜cc
!
= Wˆ
 
 +(q, i⌫n) 0
0 0
!
Wˆ 1. (2.67)
This resultant amended TMA (ATMA) for a 173Yb gas uses the following self-energy:
⌃˜↵(p, i!n) = T
X
q,⌫n
 ˜↵↵(q, i⌫n)G
0
↵(q   p, i⌫n   i!n). (2.68)
In the framework of ATMA, the superfluid phase transition temperature Tc is also
determined from the Thouless criterion. In the present case, this condition is equivalent to
the divergence of  +(q, i⌫n) at q = ⌫n = 0. From Eq. (2.64), we obtain the Tc-equation as
1  Uintra[⇧o(0, 0) + ⇧c(0, 0)] + [U2intra   U2inter]⇧o(0, 0)⇧c(0, 0) = 0. (2.69)
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Figure 2.10: Self-consistent solutions of the coupled Tc-equation (2.70), together with the
number equation N = No + Nc. (a) Superfluid transition temperature Tc. (b) Fermi
chemical potential µ at Tc. The vertical dashed lines shows the interaction strength at
which the band gap ⌫/2 vanishes. Because the present approach is valid for the case with
⌫/2   0, there is no results in the region (kFas) 1 > 1.57 in this figure.
Using Eq. (2.59), we can rewrite the Tc-equation (2.69) into a more familiar expression as
1 =  4⇡a˜s
m
X
p

1
2⇠op
tanh
⇠op
2T
  1
2"p
 
. (2.70)
Equation (2.70) has the same form as the Tc-equation in the single-channel case in Eq.
(2.12), where the s-wave scattering length is replaced by the e↵ective one,
a˜s = aintra + ainter
4⇡
m
⇧˜c(0, 0)
1  4⇡aintra
m
⇧˜c(0, 0)
ainter. (2.71)
In Eq. (2.71),
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⇧˜c(0, 0) =  
X
p

1
2⇠cp
tanh
⇠cp
2T
  1
2"p
 
. (2.72)
In the two particle limit, Eq. (2.72) is reduced to
⇧˜c(0, 0)!  
X
p
"
1
2("p + ⌫/2)
  1
2✏p
#
=
m
4⇡
p
m⌫. (2.73)
Thus, the e↵ective scattering length a˜s in Eq. (2.71) is reduced to the tunable s-wave
scattering length as in Eq. (2.47). In this sense, a˜s may be viewed as an extension of
the scattering length as to the many-body case. That is, the second term in Eq. (2.71)
describes the OFR-induced tunable pairing interaction.
As in the case of the standard TMA explained in Sec. 2.1, we also solve the Tc-
equation (2.70), together with the equation for the total number N of Fermi atoms, to
self-consistently determine Tc and µ(Tc). Since, the present system has two bands, the
number equation is given by the sum N = No+Nc of the particle number in each channel.
The number of atoms N↵=o,c in the ↵-channel is calculated from the ATMA single-particle
Green’s function in this channel as,
N↵ = 2T
X
p,!n
G↵(p, i!n)e
i !n . (2.74)
In this thesis, we consider the simplest spin-balanced case (N↵" = N↵#). We use the
observed values, a+ = 1900a0 and a  = 200a0 in a 173Yb Fermi gas, that give aintra = 1050a0
and ainter =  850a0. The particle density is taken as n = 5 ⇥ 1013 cm 3 which is the
observed density in the trap centre of a 173Yb Fermi gas. Using this value of density n, we
also determine the value of the Fermi momentum kF = [3⇡2n]1/3 in an assumed free Fermi
gas. As mentioned previously, the present model can cover the region (kFas) 1  1.57.
In Fig. 2.10, panels (a) and (b), respectively, show the self-consistent solutions for Tc and
µ(Tc), that are determined from the coupled Tc-equation (2.70) with the number equation,
N = No+Nc (where N↵ is given in Eq. (2.74)). Apart from details, the overall interaction
dependence seen in these panels is the same as the single-channel case shown in Fig. 2.2.
We note that similar results for Tc and µ(Tc) have also been obtained within the Gaussian
fluctuation theory (NSR theory). However, in contrast to the single channel case (where
the closed channel contribution can be ignored), the present OFR case is found to have
sizable contribution from the closed channel, especially in the BEC side ((kFas) 1   0), as
shown in Fig. 2.10(c). When (kFas) 1 = 1.57, the closed channel has the same particle
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Figure 2.11: Same plot as in Fig. 2.10, as functions of an external magnetic field B.
number as the open channel (Nc = No) because of the vanishing band gap ⌫/2 = 0. As one
decreases the interaction strength from this, the particle number Nc in the closed channel
gradually decreases due to the increase of the band gap; however, we see that about 10% of
Fermi atoms still occupy the closed channel even in the unitarity limit ((kFas) 1 = 0). In
Chap. 3, we will use the data set (Tc, µ(Tc)) shown in Figs. 2.10(a) and (b), in evaluating
the single-particle excitations at Tc in the BCS-BEC crossover regime of a 173Yb Fermi gas
with OFR. For experimental convenience, we also plot the same quantities as functions of
an external magnetic field in Fig. 2.11.
2.3 E↵ects of a harmonic trap: Local Density Approx-
imation (LDA)
So far, we have dealt with uniform Fermi gases. Regarding this, all the current experiments
on 173Yb Fermi gases are done in a harmonic potential to confine the gas, so that e↵ects
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of spatial inhomogeneity inevitably takes part in experimental data. In particular, the
recent photoemission type experiment developed by JILA group [22], which we will consider
in Chap. 4, observes spatially averaged spectra. Because of this current experimental
situation, this thesis also takes into account e↵ects of a harmonic trap within the framework
of the LDA. We briefly note that LDA has extensively been applied to the analyses of the
photoemission spectrum (PES) observed in a 40K Fermi gas [22], to successfully explain an
anomalous spectral structure observed in the unitary regime [26,45, 46].
We consider a 173Yb Fermi gas loaded on an isotropic harmonic trap potential [36, 83],
V (r) =
1
2
m!2trapr
2, (2.75)
where r is the spatial position measured from the trap center, and !trap is a trap frequency.
One may also consider a more general anisotropic trap, such as
Vaniso(r) =
1
2
m(!2trap,xx
2 + !2trap,yy
2 + !2trap,zz
2) (2.76)
with di↵erent trap frequencies (!trap,x,!trap,y,!trap,z) in the x, y, and z directions, respec-
tively. However, at least in LDA which we will explain soon later, rescaling the spatial
variables as 8>>><>>>:
!trap,xx! !x¯,
!trap,yy ! !y¯,
!trap,zz ! !z¯,
one can always map the latter anisotropic case onto the simplest isotropic case in Eq.
(2.75). Thus, this thesis only deals with the case of Eq. (2.75). In experiments, various
types of trap potential are used (such as a cigar-shaped and a pan-cake type trap) that are
structurally anisotropic. Regarding this, within LDA, we would like to comment that the
results are essentially independent of the shape of the potential.
In LDA, e↵ects of the harmonic trap potential in Eq. (2.75) are incorporated into the
theory by simply replacing the Fermi chemical potential µ with the position dependent
Fermi chemical potential [36],
µ(r) ⌘ µ  V (r). (2.77)
In this approximate scheme, the system is regarded as an agglomeration of locally uniform
systems that are independent of one another. For each entity, we have local variables,
that vary from one local system to another local system. The local single-particle thermal
Green’s function in LDA is given by,
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Figure 2.12: ATMA-LDA self-consistent solutions for (a) Tc and (b) µ(Tc) in the presence
of a harmonic trap potential. (c) Particle number N↵ at Tc.
G↵(p, i!n, r) =
1
i!n   ⇠↵p (r)  ⌃↵(p, i!n, r)
. (2.78)
In Eq. (2.78), the spatial dependence all comes from the position dependent chemical
potential µ(r) in Eq. (2.77) as,
⇠op(r) = "p   µ(r),
⇠cp(r) = "p + ⌫/2  µ(r),
⌃↵(p, i!n, r) = T
X
q,⌫n
 ˜↵↵(q, i⌫n, r)G
0
↵(q   p, i⌫n   i!n, r),
G0↵(p, i!n, r) =
1
i!n   ⇠↵p (r)
.
The LDA-ATMA particle-particle scattering matrix  ˜↵↵(q, i⌫n, r) consists of the pair-
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correlation functions,
⇧↵=o,c(q, i⌫n, r) =
X
p
1  f(⇠↵p+q/2(r))  f(⇠↵ p+q/2(r))
i⌫n   ⇠↵p+q/2(r)  ⇠↵ p+q/2(r)
. (2.79)
Using the LDA Green’s function in Eq. (2.78), the partial density in the ↵-channel is
calculated as
n↵(r) = 2T
X
p,i!n
G↵(p, i!n, r)e
i !n . (2.80)
The total number N of Fermi atoms is then given by
N =
X
↵=o,c
Z
drn↵(r).
= 2T
X
↵=o,c
X
p,!
Z
drG↵(p, i!n, r)e
i !n . (2.81)
We use the number equation (2.81) to determine the (position independent) chemical po-
tential µ.
For the superfluid phase transition temperature Tc, when one naively employs the
Thouless criterion, the position dependent  ˜↵↵(q, i⌫n, r) or equivalently position depen-
dent  +(q, i⌫n, r), naturally gives position-dependent phase transition temperature Tc(r).
This is, of course, an artifact of LDA, because the whole system should be in the super-
fluid phase (with non-vanishing superfluid order parameter  (r) everywhere in the system)
below the phase transition temperature. Indeed, Ref. [84] states that at T = 0, the whole
system becomes in the superfluid phase (when n(r) is positive). References [36, 85] have
also shown that the center of the trap (r = 0) is in the superfluid phase just below Tc
in the LDA, and this superfluid region becomes widespread with further decreasing the
temperature. We note that, in this thesis, we deal with the normal phase above Tc, where
the whole system is in the normal phase except at the trap center r = 0 (although the
superfluid order parameter still vanish at Tc even at r = 0). In LDA, the superfluid phase
transition temperature Tc is identified as the highest Tc(r), which is actually obtained at the
trap center (r = 0) because of the highest particle density there. The resulting Tc-equation
has the same form as that in the uniform case in Eq. (2.70). (Note that µ(r = 0) = µ.)
Thus, in the trapped case, we solve the Tc-equation (2.70), together with the LDA number
equation (2.81), to determine Tc and µ(Tc) in a consistent manner.
Figures 2.12(a) and (b) show the self-consistent solutions for Tc and µ(Tc) in a trapped
Fermi gas in the BCS-BEC crossover region, which will be used in evaluating the photoe-
mission spectrum at Tc in Chap. 4. As in the uniform case, we find in Fig. 2.12(c) that the
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Figure 2.13: LDA density profile at Tc. RF =
q
2"F/m!2trap = pF/m!trap is the Thomas
Fermi radius, giving the typical size of a gas cloud.
closed channel has sizable fraction of atom in the BEC side ((kFas) 1   0). Even in the
unitary limit ((kFas) 1 = 0), one sees Nc/N ' 0.08, that are dominantly localized around
the trap center, as shown in Fig. 2.13.
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Chapter 3
Single-particle properties of a 173Yb
Fermi gas with OFR in the BCS-BEC
crossover region
In this chapter, we discuss single-particle excitations in the normal state of a uniform 173Yb
Fermi gas with OFR. For this purpose, we calculate the single-particle density of states
(DOS), as well as the single-particle spectral weight (SW), at and above the superfluid
phase transition temperature Tc. In Sec. 3.1, we explain how to evaluate these quantities
by using the ATMA single-particle Green’s function obtained in Chap. 2. In Sec. 3.2,
we examine strong-coupling corrections to DOS in both the open and closed channel in
the BCS-BEC crossover region. Here, we discuss the pseudogap phenomenon, as well
as similarity and di↵erence between the present rare-earth system with an OFR and the
previous alkali metal system with a broad MFR. In Sec. 3.3, we discuss strong-coupling
phenomenon from the viewpoint of SW.
3.1 Calculation of single-particle spectral quantities:
DOS and SW
As in the single channel case, the single-particle DOS ⇢↵=o,c(!), as well as the single-particle
SW A↵=o,c(p,!), are calculated from the analytic continued (retarded) Green’s function,
GRo,c(p,!) = G↵=o,c(p, i!n ! ! + i ), (3.1)
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Figure 3.1: Calculated ATMA Fermi chemical potential µ above the superfluid phase tran-
sition temperature Tc in the BCS-BEC crossover region. The dotted line shows Tc and the
dashed-dotted line shows the chemical potential µ at Tc.
where the single-particle thermal Green’s function G↵(p, i!n) is given in Eq. (2.53), and   is
an infinitesimally small positive number. As discussed previously, the analytic continuation
is carried out by using the Pade´ approximation (see Appendix C).
The single-particle DOS is then obtained by calculating,
⇢↵=o,c(!) =
X
p
A↵=o,c(p,!). (3.2)
Here, the single-particle SW A↵(p,!) is related to the analytically continued ATMAGreen’s
function GR↵(p,!) in Eq. (3.1) as,
A↵=o,c(p,!) =   1
⇡
ImGR↵=o,c(p,!). (3.3)
In calculating Eqs. (3.2) and (3.3), we use the values of (Tc,µ(Tc)) shown in Fig. 2.10.
Above Tc, we only need µ(T > Tc), which is determined from the number equation (2.74).
The calculated µ(T   Tc) is shown in Fig. 3.1. We briefly note that, at each interaction
strength, µ(T ) monotonically decreases as the temperature increases.
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Figure 3.2: Calculated ATMA single-particle DOS ⇢↵=o(!) in the open channel at Tc.
(a) Weak-coupling BCS side (kFas) 1 < 0. (b) Strong-coupling BEC side (kFas) 1 > 0.
⇢(0) = mkF/(2⇡2) is the DOS of a free Fermi gas. This constant factor ⇢(0) is also used in
Figs. 3.4 and 3.5.
3.2 Single-particle density of states (DOS)
3.2.1 DOS at the superfluid phase transition temperature Tc
Figure 3.2 shows the single-particle DOS ⇢o(!) in the open channel at Tc. We see the
structural change in the single-particle DOS, as the interaction strength increases from
the weak coupling regime (panel (a)) to the strong coupling regime (panel (b)). This
behavior is quite similar to that in the single-channel case with a broad magnetic Feshbach
resonance (MFR) shown in Fig. 2.4. The pseudogap phenomenon (which is characterized
by a dip structure in DOS around ! = 0 in the normal state) occurs also in the open
channel of the present model two-channel Fermi gas. We emphasize that the superfluid
order parameter vanishes at Tc shown in Fig. 3.2, so that the pseudogap structure, which
becomes more remarkable with increasing the interaction strength, originates from strong
pairing fluctuations.
At the strongest interaction strength, (kFas) 1 = 1.57, shown in Fig. 3.2(b), DOS
exhibits a large gap structure with almost vanishing intensity around ! = 0. In the BEC
regime, the system properties become close to those of a gas of tightly bound molecules, so
that this large gap structure reflects large binding energy of these molecules.
To understand the pseudogap phenomenon seen in Fig. 3.2, the static approximation
discussed in Sec. 2.1 for the single-channel case is also useful. Since the ATMA particle-
particle scattering matrix  ˜(q = 0, i⌫n = 0) in Eq. (2.67) diverges at Tc, the self-energy in
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at (kFas) 1 = 1.57.
Eq. (2.68) can be approximated to,
⌃˜(p, i!n) ' G0o( p, i!n)⇥ T
X
q,⌫n
 ˜oo(q, i⌫n)
=   2PG,oG0o( p, i!n). (3.4)
where,  2PG,o =  T
P
q,⌫n
 ˜oo(q, i⌫n) is the pseudogap parameter in the open channel, which
corresponds to  PG in Eq. (2.19) in the single-channel case. Following the discussions in
the single-channel case given below Eq. (2.19), we obtain the open-channel Green’s function
in the static approximation as,
Go(p, i!n) =
1
i!n   ⇠op  
 2PG,o
i!n + ⇠
o
p
=   i!n + ⇠
o
p
!2n + ⇠
o
p
2 + 2PG,o
. (3.5)
Using this, we obtain
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Figure 3.4: Single-particle DOS ⇢c(!) at Tc in the closed channel. (a) BCS side (kFas) 1 < 0.
(b) BEC side (kFas) 1 > 0. The insets show ⇢c(!) around ! = 0.
⇢↵=o(!) =   1
⇡
X
p
ImGR↵=o(p,!)
=
1
⇡
X
p
Im
"
! + ⇠2p
(! + i )2   Eop2
#
=
1
2
X
p
 
1 +
⇠op
Eop
!
 (!   Eop) +
1
2
X
p
 
1 +
⇠op
Ep
o
!
 (! + Eop), (3.6)
where E↵=op =
q
⇠op
2 + 2PG,o describes Bogoliubov-like single-particle excitations. For sim-
plicity, considering the region near the Fermi surface (! ⇠ µ) in the BCS regime, we
approximately evaluate the momentum summation as,
X
p
= ⇢o(0)
Z 1
 1
d⇠, (3.7)
where ⇢o(0) = mkF/(2⇡2) is DOS of a free Fermi gas at the Fermi level. Then, Eq. (3.6) is
calculated to give,
⇢↵=o(!) = N(0)
!q
!2   2PG,o
[✓(!   PG,o) + ✓( !   PG,o)]. (3.8)
Equation (3.8) exhibits a clear excitation gap with the gap size 2 PG,o. We briefly note
that pairing fluctuations actually smear this clear gap structure in Eq. (3.8), as well as the
52
CHAPTER 3. SINGLE-PARTICLE PROPERTIES OF A 173YB FERMI GAS WITH
OFR IN THE BCS-BEC CROSSOVER REGION
so-called coherence peak at ! = ±| PG,o|, to some extent, as seen in Fig. 3.2(a).
In the strong-coupling BEC regime where µo = µ < 0 (see Fig. 3.3), Eq. (3.6) is
calculated to become
⇢↵=o(!) =
m
p
2m
4⇡2
"
!q
!2   2PG,o
+ 1
#rq
!2   2PG,o   |µo| ✓(!  
q
µ2o + 
2
PG,o)
+
m
p
2m
4⇡2
"
!q
!2   2PG,o
  1
#rq
!2   2PG,o   |µo| ✓( !  
q
µ2o + 
2
PG,o). (3.9)
In the extreme BEC regime (|µo|    PG,o), Eq. (3.9) is reduced to DOS of a “gapped”
Fermi gas as
⇢↵=o(!)! m
p
2m
2⇡2
p
!   |µo| ✓(!   |µo|) (3.10)
(although the present case cannot reach this limit because of (kFas) 1  1.57). In this
limit, the gap size is determined by, not the pseudogap parameter  PG,o, but the chemical
potential µo(= µ). Figure 3.2(b) shows that ⇢o(!) gradually approaches this limiting case
in Eq. (3.10), as one passes through the BCS-BEC crossover region.
The above-mentioned similarity to the single-channel case is not obtained in the closed
channel, as shown in Fig. 3.4. In the BCS side ((kFas) 1 < 0) shown in panel (a), DOS ⇢c(!)
has a large excitation gap. This large gap simply comes from the band gap ⌫/2 between
the open and closed channel, the size of which gradually becomes small with increasing
the interaction strength. (Note that the gap size increases with increasing the interaction
strength in the open channel.) In addition, in the BEC side ((kFas) 1 > 0) shown in panel
(b), one also sees the increase of DOS ⇢↵=c(!) in the negative energy region. This tendency
is also opposite to the case of the open channel, where ⇢↵=o(! < 0) gradually decreases
with increasing the interaction strength in the BEC region (see Fig. 3.2(b)).
To understand this di↵erent interaction dependence of ⇢↵=c(!) from ⇢↵=o(!), it is con-
venient to note that the kinetic energy of the closed channel can be written as
⇠cp =
p2
2m
+
⌫
2
  µ = p
2
2m
  µc, (3.11)
where
µc = µ  ⌫
2
(3.12)
is an e↵ective chemical potential in the closed channel. As shown in Fig. 3.3, the interaction
dependence of µc is opposite to that of µo(= µ), reflecting the decrease of the band gap
⌫/2 with increasing the interaction strength. Thus, roughly speaking, the increase of the
53
CHAPTER 3. SINGLE-PARTICLE PROPERTIES OF A 173YB FERMI GAS WITH
OFR IN THE BCS-BEC CROSSOVER REGION
interaction strength from the weak coupling regime to the limiting interacting strength
(kFas) 1 = 1.57 is similar to the situation that the interaction strength decreases from the
BEC limit ((kFas) 1   1) to (kFas) 1 = 1.57 in the closed channel, leading to the opposite
interaction dependence of DOS between the open and the closed channels shown in Figs.
3.2 and 3.4.
3.2.2 DOS above the superfluid phase transition temperature Tc
Figure 3.5 shows the temperature dependence of the DOS in a model two-channel Fermi gas
in the BCS-BEC crossover region. In the open channel shown in the left panels, the pseudo-
gap structure around ! = 0 gradually disappears with increasing the temperature. This is
simply because the weakening of pairing fluctuations as one goes away from the superfluid
instability. The dip structure completely disappears at a certain temperature T ⇤ above
which DOS ⇢↵=o(!) exhibits a monotonic increase with the increase of !. Near the unitar-
ity limit shown in Fig. 3.5(a2) ((kFas) 1 = 0.02), this so-called pseudogap temperature T ⇤
equals T ⇤ = 0.446TF, which is remarkably higher than Tc = 0.248TF.
Apart from details, the temperature dependence of the pseudogap phenomenon seen in
the open channel is essentially the same as the single-channel case shown in Fig. 2.4(b).
That is, the open channel in a 173Yb Fermi gas in the BCS-BEC crossover region can be
used to examine to what extent the pseudogap is a universal many-body-phenomenon in
the presence of strong pairing fluctuations.
In Fig. 3.5, we find that DOS in the closed channel ⇢↵=c(!) is not so sensitive to the
temperature, compared to DOS in the open channel ⇢↵=o(!). This is because of the presence
of a large band gap ⌫/2, except near the strongest interaction strength (kFas) 1 = 1.57.
This T -insensitive DOS in the closed channel, as well as the presence of a large band gap,
lead to the almost T -independent number N↵=c of atoms in the closed channel (at least
when T  TF), as shown in Fig. 3.6. Near the unitary limit ((kFas) 1 = 0.02), Nc amounts
to about 10% of the total number N of Fermi atoms.
If the closed channel is a gapped free Fermi gas, DOS ⇢c(!) is non-zero only above the
energy-gap ⌫/2. Thus, the intensity in the negative region (! < 0) of ⇢c(!) seen in Figs.
3.5(b3) and (b4) may be understood as a strong-coupling phenomenon in this channel. In
the pseudogap approximation, it is produced by the lower “Bogoliubov-like” dispersion,
E↵=cp =  
q
(⇠↵=cp )
2 + 2PG,c. (3.13)
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Figure 3.5: Calculated DOS ⇢↵=o,c(!) above Tc. (a1)-(a4): Open channel. (b1)-(b4): Closed
channel. T ⇤ in panel (a2) shows the pseudogap temperature which is determined as the
temperature above which the dip structure around ! = 0 disappears in the open channel.
The relatively T -insensitive DOS ⇢↵=c(!) (at least T  TF) indicates that, when one
tries to observe many-body e↵ects on the closed-channel by measuring the non-vanishing
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Figure 3.6: Calculated number distribution N↵=o,c of atoms in the ↵-channel above Tc. The
upper (lower) three (solid and dashed) lines show No (Nc).
DOS ⇢c(!) in the negative energy region, one does not necessarily set the temperature very
close to Tc. At the same time, Figs. 3.5(b1)-(b4) also indicate that we should consider the
BEC side ((kFas) 1   0) for this purpose.
3.3 Single-particle spectral-weight (SW) and strong
coupling e↵ects
3.3.1 SW at the superfluid phase transition temperature Tc
To examine strong-coupling corrections to single-particle excitations in more detail, the
SW A↵=o,c(p,!) in Eq. (3.3) would be useful, because this single-particle quantity may be
viewed as the “momentum-resolved density of states” (see Eq. (3.2)).
The left panels in Fig. 3.7 show the intensity of A↵=o(p,!) in the open channel at Tc.
Again we obtain a similar interaction dependency of the spectral intensity to the single-
channel case shown in Fig. 2.3. In the weak coupling BCS regime shown in panel (a)
((kFas) 1 =  1), one sees a coupling phenomenon of the particle branch,
⇠p =
p2
2m
  µ ' p
2
2m
  "F, (3.14)
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and the hole branch,
⇠p =  
 
p2
2m
  µ
!
'   p
2
2m
+ "F, (3.15)
around the Fermi level (p ' kF,! = 0), giving the pseudogap structure around there. This
is essentially the same as the single-channel case shown in Fig. 2.3(a). From the viewpoint
of the static approximation, the first line in Eq. (3.5) indicates that this particle-hole
coupling is induced by pairing fluctuations described by the pseudogap parameter  PG,↵=o
in the open channel. The resulting level repulsion between Eqs. (3.14) and (3.15), as well
as the level reconstruction, that gives
! = ±
q
⇠op
2 + 2PG,↵=o, (3.16)
naturally suppress the intensity of A↵=o(p,!) around p = kF and ! = 0. Thus, since
DOS ⇢↵=o(!) is given by the p-summation of SW A↵=o(!) for a given energy !, DOS is
suppressed around ! = 0, leading to the dip structure around there, as seen in Fig. 3.2(a).
The pseudogap structure seen in Fig. 3.7(a1) gradually becomes more remarkable, as
one moves from panel (a1) to (a5), reflecting the enhancement of pairing fluctuations (or
the increase of  PG,↵=o in the static approximation). In the BEC regime where µ < 0 (see
Fig. 3.2), Figs. 3.7(a4) and (a5) show that the particle and hole branches in Eqs. (3.14)
and (3.15) no longer cross each other. In the static approximation, the spectral peaks in
this regime are described by
! = +
q
("p + |µ|)2 + 2PG,↵=o , (3.17)
which monotonically increases with increasing p (starting from ! = +
q
|µ|2 + 2PG,↵=o ),
and
! =  
q
("p + |µ|)2 + 2PG,↵=o , (3.18)
which monotonically decreases with increasing p (starting from ! =  
q
|µ|2 + 2PG,↵=o ).
We emphasize that this strong coupling behavior of SW in the open channel is also the
same as the single-channel case shown in Fig. 2.3(c).
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Figure 3.7: Single-particle SW A↵=o,c(p,!) in the BCS-BEC crossover region at Tc. (a1)-
(a5): open channel. (b1)-(b5): closed channel. The intensity is normalized by the inverse
Fermi energy " 1F .
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Figure 3.8: Tomographic view of the single-particle SW A↵=o,c(p,!) at p = 0 at Tc. (a1)
and (b1): (kFas) 1 =  0.6 (BCS side). (a2) and (b2): (kFas) 1 =  0.02 (unitary regime),
(a3) and (b3): (kFas) 1 = 0.4 (BEC side).
Thus, together with the previous results for DOS ⇢↵=o(!), we find that strong-coupling
phenomena in the open channel are very similar to those in the single-channel case discussed
in the BCS-BEC crossover regime of 40K and 6Li Fermi gases.
The right panels in Fig. 3.7 show SW A↵=c(p,!) in the closed channel at Tc. We
emphasize that there is no correspondence to the single-channel case, because the closed
channel is completely ignored in the latter. When (kFas) 1 = 1.57 (panel (b5)), SW
A↵=c(p,!) in the closed channel coincides with SW A↵=o(p,!) in the open channel (panel
(a5)), because of the vanishing band gap ⌫/2 = 0 at this interaction strength. Starting
from this strongest interaction strength, the intensity of the lower branch in A↵=c(p,!)
gradually becomes small with decreasing the interaction strength. As mentioned previously,
the spectral intensity A↵=c(p,!) in the negative energy region may be attributed to pairing
fluctuations, so that the interaction dependence of the lower peak in A↵=c(p,!) reflects
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Figure 3.9: SW A↵=o,c(p,!) above Tc in the BCS regime (kFas) 1 =  1. Panels (a1)-
(a3) and (b1)-(b3) show the results in the open and the closed channel, respectively. The
spectral intensity is normalized by the inverse Fermi energy " 1F .
the weakening of pairing fluctuations, as one passes through the BCS-BEC crossover region
from the strong-coupling side, as expected. To clearly see the interaction dependence of
lower peak in A↵=c(p,!), we plot the tomographic view at p = 0 in Figs. 3.8 (b1)-(b3).
Regarding the interaction dependence of the lower peak at p = 0 in SW, it is interesting
to point out that the opposite dependency is obtained in the open channel as shown in
Figs. 3.8(a1)-(a3). The lower peak grows with increasing the interaction strength. This is
because the chemical potential µo = µ becomes positive in the BCS regime (see Fig. 3.3),
so that the free particle dispersion ⇠op = p
2/(2m) µ starts from negative (=  µ) at p = 0.
That is, in the open channel, the spectral intensity at p = 0 is eventually dominated by
the lower peak (coming from the free particle dispersion) in the BCS limit. In contrast, the
chemical potential µc = µ   ⌫/2 in the closed channel is always negative as shown in Fig.
3.3, so that the upper peak in Figs. 3.8(b1)-(b3) eventually corresponds to the free particle
dispersion ⇠cp = p
2/(2m) + |µc| starting from the positive energy (= |µc|).
We briefly note that the energy gap between the upper and lower peaks in Figs. 3.7(b1)-
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Figure 3.10: The same plot as Fig. 3.9, in the unitary regime (kFas) 1 = 0.02.
(b5) gradually becomes large with decreasing the interaction strength. This is simply
because the band gap ⌫/2 is decreased to increase the interaction strength in the present
OFR-induced pairing interaction.
Comparing SW A↵=c(p,!) in Figs. 3.7(b1)-(b5) with DOS ⇢↵=c(!) in Fig. 3.4, one finds
that the former is more useful to see the intensity in the negative energy region (which is
evidence of strong-coupling e↵ects on the closed channel). Indeed, while ⇢↵=c(!) almost
vanishes in the negative energy region when (kFas) 1 = 0.02 (see Fig. 3.4(b)), we still see
sizable spectral intensity of A↵=c(p,!) in this energy region, as shown in Fig. 3.7(b3). This
is good news to examine strong-coupling correction to the closed channel, because the SW
is deeply related to the observable photoemission spectrum (PES). We will discuss PES in
the next Chapter.
3.3.2 SW above the superfluid phase transition temperature Tc
Figures 3.9-3.11 show the temperature dependence of SW in the weak-coupling BCS regime,
unitary regime, and strong coupling BEC regime, respectively. The former two cases show
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Figure 3.11: The same plot as Fig. 3.9, in the unitary regime (kFas) 1 = 1.24.
that the pseudogap structure around ! = 0 seen in the open channel becomes obscure
at high temperatures, reflecting the weakening of fluctuations in the Cooper channel. In
the BEC regime (left panels in Fig. 3.11), on the other hand, the overall spectral struc-
ture A↵=o(p,!) in the open channel is found to be not so sensitive to the temperature.
The reason is that the system in the BEC regime is close to a gas of tightly bound two-
body molecules, so that the energy gap between the two peaks seen in A↵=o(p,!) is di-
rectly related to the binding energy of these molecules. Thus, the double peak structure
of A↵=o(p,!) seen in Figs. 3.11(a1)-(a3) is considered to remain to the temperature being
comparable to this binding energy.
In contrast, the temperature dependence of SW A↵=c(p,!) in the closed channel is not
so sensitive to the temperature even in the weak-coupling BCS regime (right panels in Fig.
3.9), as well as in the unitary regime (right panels in Fig. 3.10). In these cases, the presence
of a large band gap ⌫/2 suppresses temperature dependence of the overall structure of the
SW in the closed channel. When (kFas) 1 = 1.24, shown in Fig. 3.11, A↵=o(p,!) and
A↵=c(p,!) exhibit almost the same temperature dependence because of the small band
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gap. (Note that the band gap vanishes when (kFas) 1 = 1.57.)
Figures 3.9-3.11 indicate that, to observe A↵=c(p,! < 0) in the closed channel for
examining the strong-coupling e↵ects, we do not have to carefully set the temperature.
Keeping this in mind, in the next chapter, we examine how this evidence of strong-coupling
corrections to the closed channel can be seen in the observable photoemission spectrum.
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Chapter 4
Photoemission spectra in a 173Yb
Fermi gas with OFR
In this chapter, we discuss the photoemission spectrum (PES) and strong-coupling e↵ects in
a 173Yb Fermi gas with an OFR. We first explain the theory of photoemission spectroscopy
in Sec. 4.1. We then separately discuss the uniform case and the trapped case. In each
case, we clarify how strong pairing fluctuations a↵ect detailed spectral structures in the
open and closed channels.
4.1 Model Hamiltonian for the study of photoemis-
sion spectrum (PES)
Figure 4.1 shows a schematic diagram explaining the process of photoemission spectroscopy.
In this experiment, Fermi atoms in |↵, "i are excited to a higher energy state (⌘ |3i) by
photon. Here, |3i is di↵erent for |↵ = o, c,   ="#i. The model Hamiltonian is given
by [26,36, 46,86,87],
H˜ = H +H3, (4.1)
where H is the system Hamiltonian in the absence of the photoemission spectroscopy given
in Eq. (2.42). H3 describes the photoemission spectroscopy, given by,
H3 =
X
p
[⇠(3)p + !
↵
3 ]b
†
pbp + tph
X
p
h
e i!Ltb†p+qLc↵"p +H.c.
i
. (4.2)
In Eq. (4.2), b†p is the creation operator of a Fermi atom in the third state. The first term
(⌘ HK3 ) is the kinetic energy of the atoms in the third state |3i, and the second term (⌘ HT↵ )
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Figure 4.1: Schematic diagram of photoemission spectroscopy. In this experiment, Fermi
atoms in |↵, "i-state are excited to the third state (⌘ |3i 6= |↵,  i) by photon. The number
of atoms in |3i is then measured.
is the tunneling Hamiltonian describing the transition from |↵, "i to |3i. The kinetic energy
⇠(3)p = "p   µ3 in the third state is measured from the chemical potential µ3, and !↵3 is the
energy di↵erence between |↵, "i and |3i, tph is the tunneling matrix element, and qL and
!L denote the momentum and energy of photon respectively.
The photoemission spectrum is conveniently calculated using the tunneling current op-
erator I↵(p, t), which is given by the time-derivative of the number operator n3(p, t) of the
third state,
Iˆ↵(p, t) = n˙3(p, t)
= i[H +H3, n3(p, t)]
= i[H↵T, n3(p, t)]. (4.3)
In obtaining the last expression, we have used the fact that H and HK3 commute with the
number operator n3(p, t). Calculating the commutation relation [HT↵ , n3(p, t)] in Eq. (4.3),
we have
Iˆ↵(p, t) = n˙3(p, t) =  itph
h
e i!Ltb†p+qL(t)c↵"p(t)  H.c.
i
. (4.4)
The tunneling current I↵(p, t) is obtained from the expectation value of Iˆ↵(p, t) within the
linear response theory [75],
I↵(p, t) = hIˆ↵(p, t)i, (4.5)
that is,
I↵(p, t) = i
Z t
 1
dt0h[H↵T(t0), Iˆ↵(p, t)]i0. (4.6)
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Here,h...i0 means the statistical average with respect to H +HK3 . Correspondingly H↵T(t0)
and I↵(p, t) in Eq. (4.6) are operators in the Heisenberg representation in terms of H+HK3 .
For example,
H↵T(t) = e
i(H+HK3 )H↵Te
 i(H+HK3 ). (4.7)
Taking the Fourier transform of Eq. (4.6) with respect to t, we find that the tunneling
current is related to the single-particle SW A↵(p,!) in the ↵-state as [46]
I↵(p,⌦↵) = 2⇡t
2
phA↵(p, ⇠
↵
p   ⌦↵)f(⇠↵p   ⌦↵), (4.8)
where f(!) is the Fermi distribution function. In Eq. (4.8),
⌦↵ ⌘ !↵3 + µ3   µ↵   !L, (4.9)
is sometimes referred to as the detuning parameter in the literature. Here, µo = µ and µc =
µ  ⌫/2 are the Fermi chemical potential in the open and the closed channel, respectively.
We briefly note that A↵(p,!) has already been obtained in Chap. 3 by taking the analytic
continuation of the dressed Green’s function G(p, i!n ! ! + i ).
In deriving Eq. (4.8), we have assumed that the photon momentum qL is negligibly
small, and the third state |3i is initially vacant. In the following two sections, using Eq.
(4.8), we separately discuss the PES in the uniform case, as well as the trapped case.
Before we proceed to the next section, we would like to make a brief comment on how
to selectively measure PES in the open and closed channel. In the current experiment on
a 173Yb Fermi gas [59, 60], the nuclear spin states mz = ±5/2 are used as ||ai and ||bi in
Eq. (1.7). In OFR, selecting the open channel state and the closed channel state can be
challenging. Regarding this, circularly polarized light can be used to excite |1S0i||mz = 5/2i
to the unoccupied third state |3i = |3P0i||mz = 3/2i [88], without exciting the other states.
The use of an opposite-circularly polarized light can selectively excite |1S0i||mz =  5/2i to
|3P0i||mz =  3/2i. This method can be employed to measure the photoemission spectra
in the open and the closed channel separately [88].
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Figure 4.2: Calculated PES in the BCS-BEC crossover regime in a uniform 173Yb Fermi
gas at Tc. (a1)-(a4): Open channel. (b1)-(b4): Closed channel. The spectral intensity is
normalized by 2⇡t2ph/m. The same renormalization factor is used in Figs. 4.4, 4.5, 4.6, 4.11,
4.13, 4.14 and 4.15.
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Figure 4.3: ODOS at Tc in the uniform case. (a) Open channel. (b) Closed channel.
4.2 PES in the uniform case
In a uniform Fermi gas, PES is directly related to the tunneling current I↵(p,⌦↵) in Eq.
(4.8) as
P↵(p,!) = p
2I↵(p,⌦↵ ! ⇠↵p   !)
= 2⇡tphp
2A↵(p,!)f(!). (4.10)
In addition to PES, we also consider the occupied density of states (ODOS), given by
⇢↵(!)f(!) ⌘ 1
2⇡t2ph
X
p
P↵(p,⌦↵ ! ⇠↵p   !). (4.11)
In ODOS, the detailed structure is lost by the momentum summation; however, the weak
intensity is conveniently magnified in this quantity. We briefly note that, besides PES,
ODOS has also been experimentally discussed in a single-channel 40K Fermi gas with a
MFR [22].
In the followings, we always plot the intensity of the photoemission spectra (PES) in
the [! + µ, p]-plane. In this case, when the open channel is a free Fermi gas, PES exhibits
the peak line along (Note that µo = µ.)
!0 = ! + µ =
p2
2m
. (4.12)
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In the case of the closed channel, PES in the non-interacting case has a peak line along
(µc = µ  ⌫/2)
!0 = ! + µ =
p2
2m
+
⌫
2
. (4.13)
4.2.1 PES at the superfluid phase transition temperature Tc
Figure 4.2 shows PES in a 173Yb Fermi gas over the entire BCS-BEC crossover region at
Tc. Although the Fermi distribution function f(!) in P↵(p,!) in Eq. (4.10) suppresses the
spectral intensity in the positive energy region, PES in the open channel still exhibits the
pseudogap structure around (p,!+µ) = (kF, "F) in the weak-coupling BCS regime (see panel
(a1)). As expected from the discussions in the previous chapter, this pseudogap gradually
becomes remarkable, as one passes through the BCS-BEC crossover region (panels (a2) and
(a3)). At the strongest interaction strength, (kFas) 1 = 1.57, in the BEC regime, panel
(a4) has a clear double peak structure, consisting of the upward peak line corresponding to
the particle branch, as well as the broad downward branch associated with the hole branch.
We briefly note that the intensity of the upper branch is weaker than the SW A↵=o(p,!)
discussed in Chap. 3 (see Fig. 3.7), which is simply due to the suppression by the Fermi
distribution function f(!) involved in P↵(p,!) in Eq. (4.10).
In the closed channel shown in the right panels in Fig. 4.2, we find that the overall
interaction dependence of the spectral structure of the single-particle SW A↵=c(p,!) in Fig.
3.7 succeeds to the photoemission spectrum, although the intensity in the positive energy
region is somehow suppressed by the Fermi distribution function f(!) in Eq. (4.10). That
is, we see a double peak structure in the strong-coupling BEC regime when (kFas) 1 = 1.57
(panel (b4)) (which is actually identical to PES in the open channel because of the vanishing
band gap ⌫/2 = 0). With decreasing the interaction strength, the lower SW gradually
decreases due to the opening of the band gap (⌫/2 > 0), to become very weak in the weak-
coupling BCS regime shown in panel (b1). Although the upper SW of A↵=c(p,!) increases
in this procedure, it also decreases to become almost invisible in Figs. 4.2 (b1) and (b2)
because of the large band gap and the suppression by the Fermi distribution function f(!)
in the expression of PES. However, as mentioned in Chap. 3, intensity of A↵=c(p,!) in
the negative energy region originates from strong-coupling e↵ects, so that the suppression
of the SW in the positive energy region is not a serious problem, in examining e↵ects of
strong pairing fluctuations on the closed channel.
Figure 4.3 shows the ODOS in the crossover region at Tc. In the open channel, starting
from the BEC regime, panel (a) shows that the intensity gradually shifts from the negative
energy region to the region around ! = 0, with decreasing the interaction strength, which
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Figure 4.4: PES above Tc in the weak coupling BCS regime (kFas) 1 =  1. (a1)-(a3):
Open channel. (b1)-(b3): Closed channel.
strongly reflects the interaction dependence of PES shown in Fig. 4.2 (a1)-(a4). In the
closed channel, on the other hand, Fig. 4.3(b) shows the gradual decrease of ODOS, as one
moves from the BEC regime to the weak-coupling BCS regime. Since the p-summation of
ODOS in Eq. (4.11) is directly related to the number of atoms in the ↵-channel, the very
weak intensity of ODOS in the closed channel when (kFas) 1 =  1 is simply due to almost
the absence of occupied atoms in this channel there.
4.2.2 PES above superfluid phase transition temperature Tc
Figures 4.4-4.6 show PES above Tc. In the weak-coupling BCS regime shown in Fig. 4.4,
the pseudogap structure seen at Tc (panel (a1)) soon disappears as one increases the tem-
perature from Tc (panels (a2) and (a3)), reflecting the weakening of pairing fluctuations at
higher temperatures. The same tendency is also seen in the unitary regime (left panels in
Fig. 4.5), as well as in the strong coupling BEC regime (left panels in Fig. 4.6). However,
pairing fluctuations are enhanced in the strong-coupling regime, so that the pseudogap
phenomenon becomes robust against thermal broadening e↵ect, when the interaction is
strong. Indeed, we still see the double peak structure even at T/TF = 0.8 in the BEC
region ((kFas) 1 = 1), as shown in Fig. 4.6. (Note that a single-peak line is only seen at
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Figure 4.5: The same plot as in Fig. 4.4, near the unitary regime (kFas) 1 = 0.02.
T/TF = 0.3 in the BCS region, as shown in Fig. 4.4.) When the double peak structure
(originating from strong pairing interaction) is robust in the BEC regime, the occupation
of the upper branch increases with increasing the temperature, because of thermal excita-
tions. In PES, this e↵ect is taken into account by the Fermi distribution function f(!) in
Eq. (4.10). This is the reason why the intensity of the upper peak in Figs. 4.6(a1)-(a3)
becomes stronger at higher temperatures. This tendency can be clearly seen in ODOS, as
shown in Fig. 4.7(a3). Although thermal excitations themselves also occur in the weaker
coupling cases shown in Fig. 4.7 (a1) and (a2), because pairing fluctuations (that produce
the pseuodgap phenomenon in the open channel), as well as the resulting pseudogap phe-
nomenon, become weak, the increase of the upper branch is not clearly seen in these figures.
Regarding temperature e↵ects on the pseudogap phenomenon, Figs. 4.4 (a1)-(a3) show
that they can be seen in PES; however, when this PES data are mapped onto ODOS, we see
in Fig. 4.7(a1) that the overall structure of ODOS is not so sensitive to the temperature.
This is because the pseudogap in PES is somehow fine in the weak-coupling BCS regime
(see Fig. 4.7(a1)). Thus, the detailed structure, as well as its temperature dependence, are
easily smeared out, after taking the momentum summation to obtain ODOS from PES.
This means that, PES is more useful for the observation of the pseudogap phenomenon
appearing in the weak-coupling BCS region in the open channel.
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We proceed to the temperature dependence of PES in the closed channel. In the strong-
coupling regime shown in Figs. 4.6(b1)-(b3), the temperature dependence of PES, as well
as that of ODOS shown in Fig. 4.7(b3), are very similar to the open channel case shown in
Fig. 4.6(a1)-(a3), which is simply due to the small band gap ⌫/2. In the unitary regime,
because of the band gap between the open and the closed channel is large to some extent,
thermal excitations to the upper branch enhance PES intensity at higher temperatures,
as seen in the right panels in Fig. 4.5. This temperature dependence can also be seen in
ODOS, as shown in Fig. 4.7(b2), where ODOS at T/TF = 0.9 has large intensity around
(!+µ)/"F = 3. However, when the band gap ⌫/2 is very large compared to the temperature
(⌫/2   T ), although the gap structure itself is robust, thermal excitations are di cult to
occur, leading to the suppression of the temperature dependence of PES, as well as ODOS.
We can explicitly confirm this in the weak-coupling BCS regime, that is, the right panels
in Fig. 4.4, as well as Fig. 4.7(b1), do not exhibit remarkable temperature dependence, at
least in the temperature region T/TF  0.3.
From the viewpoint of observability of strong-coupling e↵ects on the closed channel, in
the BCS-unitary regime, PES intensity in the negative energy region (which is associated
with many-body e↵ects) does not soon disappear, when the temperature increases from Tc.
Thus, in this regime, we don’t need to set the temperature very close to Tc. We also find
that the suppression of the intensity by the Fermi distribution function f(!) in Eq. (4.10)
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is not so serious, as far as we observe the spectral intensity in the negative energy region.
In the weak-coupling BCS regime, PES intensity, as well as ODOS, are very weak, so that
the observation of these in this regime would strongly rely on the sensitivity of the current
technology of photoemission spectroscopy.
4.3 E↵ects of a harmonic trap potential on PES
In the previous section, we considered PES in the uniform case. Recently a box-shaped trap
potential has been invented in cold atom physics, where a trapped gas inside this is almost
uniform [89]. Thus, our results in the previous section would be applicable to this case.
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as those shown in Fig. 2.12.
However, apart from this sophisticated experiment [89], a Fermi gas is usually trapped in
a harmonic potential produced by optical and magnetic methods. In this case, a trapped
gas always feels spatial inhomogeneity coming from the background trap potential. Since
the current PES experiment cannot remove e↵ects of the spatial inhomogeneity from the
observed spectral data, it is a crucial issue to clarify how the uniform results discussed in
the previous section are altered in the presence of a harmonic trap. In this section, we deal
with this problem by including e↵ects of a harmonic trap within the framework of the local
density approximation (LDA) introduced in Chap. 2.
In LDA, the single-particle thermal Green’s function at the spatial position r is given
by (see Sec. 2.3)
G↵(p, i!n, r) =
1
i!n   ⇠↵p (r)  ⌃↵(p, i!n, r)
. (4.14)
Using this, we introduce the local spectral weight A↵(p,!, r) (LSW), as well as the local
density of states ⇢↵(!, r) (LDOS) in the ↵-channel (↵ = o, c) as,
A↵(p,!, r) =   1
⇡
Im[G↵(p, i!n ! ! + i , r)], (4.15)
and,
⇢↵(!, r) =
X
p
A↵(p,!, r). (4.16)
We briefly note the spatial inhomogeneity enters into the theory through the LDA chemical
potential µ(r) ⌘ µ  V (r), where V (r) is the position dependent harmonic trap potential.
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Figure 4.9: Calculated LDOS in LDA at Tc. (a1)-(a3): Open channel. (b1)-(b3) Closed
channel.
When we consider the ordinary PES experiment with no spatial resolution, the observed
data are actually the spatially averaged one over the entire gas cloud. (Here we note
that in the normal phase the superfluid order parameter vanishes everywhere in the trap).
Including this, one has PES in LDA as
P↵(p,!) = p
2hI↵(p,⌦↵ ! ⇠↵p   !)i, (4.17)
where h...i means the spatial average as
hI↵(p,⌦↵)i ⌘
2⇡t2ph
⇤
Z
drA↵(p, ⇠
↵
p (r)  ⌦↵, r)f(⇠↵p (r)  ⌦↵). (4.18)
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Here, ⇤ = 4⇡RF
3/3, where RF = kF/(m!tr) is the Thomas-Fermi radius, giving the typical
size of the gas cloud. In obtaining Eqs. (4.17) and (4.18), we have assumed that the third
state |3i feels the same trap potential as |↵ = o, c,   ="#i, for simplicity
In numerical calculations at Tc, we use the parameter set (Tc, µ(Tc)) shown in Fig. 2.12,
to evaluate PES in Eq. (4.17). In the normal state above Tc (T > Tc), we first determine
µ(T > Tc) by numerically solving the LDA number equation Eq. (2.81), to obtain Fig.
4.8(b). Using these data, we evaluate P↵(p,!) in Eq. (4.17) above Tc. We briefly note
that, even in a trap potential, one may take µo = µ and µc = µ   ⌫/2. In addition, the
upper limit of the interaction strength equals (kFas) 1 = 1.57 as in the uniform case.
4.3.1 Local spectral properties in a trapped ultracold Fermi gas
In this section, we briefly examine the LDOS,
⇢↵(!, r) =   1
⇡
X
p
Im[G↵(p, i!n ! ! + i , r)], (4.19)
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as well as the LSW,
A↵(p,!, r) =   1
⇡
Im[G↵(p, i!n ! ! + i , r)], (4.20)
where G↵(p, i!n) is given in Eq. (4.14). Although local properties are actually averaged in
PES in Eqs. (4.17) and (4.18), these quantities are still useful to grasp how strong-coupling
phenomena inhomogeneity occur in a trapped Fermi gas.
Figure 4.9 shows the LDOS in the BCS-BEC crossover regime of a 173Yb Fermi gas at
Tc. In the open channel shown in panels (a1)-(a3), the pseudogap is seen in the trap center,
as expected. In the weak-coupling BCS regime shown in panel (a1), however, this structure
77
CHAPTER 4. PHOTOEMISSION SPECTRA IN A 173YB FERMI GAS WITH OFR
open channel closed channel
-4 -2 0 2 4 -4 -2 0 2          4 
(ω+μ)/εF (ω+μ)/εFρ
α(
ω)
f(
ω)
   
[m
k F
/(2
π2
)]
(kFas)-1 = -1
= 0.02
= 1
= 1.57
(kFas)-1 = -1
= 0.02
= 1
= 1.57
(b)
0
0.2
0.1
0
0.01
0.02
0.03
0.04
(a)
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soon disappears, as one moves away from the trap-center. Around the edge of the gas cloud
(r/RF = 1), LDOS is almost the same as the DOS in a non-interacting Fermi gas,
⇢Fermi(!) =
mkF
2⇡2
p
!. (4.21)
This indicates that pairing fluctuations are locally enhanced around the trap center (r = 0).
Indeed in LDA, the Thouless criterion is only satisfied at r = 0. That is, the LDA particle-
particle scattering matrix ˆ˜ (q = 0, i⌫n = 0, r) only diverges at r = 0 at Tc.
As one passes through the BCS-BEC crossover region, the pseudogap in ⇢o(!, r = 0)
becomes more remarkable. In addition, the spatial region where the pseudogap appears
also becomes wide. In the strong-coupling BEC regime shown in Fig. 4.9(b3), the gap
structure is seen even around the edge of the gas cloud (r/RF = 1).
In contrast, Figs. 4.9(b1)-(b3) show that LDOS in the closed channel always looks like
having a large energy gap in the whole gas cloud. However, we see in the LSW Ac(p,!, r)
the non-vanishing intensity in the negative energy region in the trap center, which gradually
becomes weak as one goes to the trap edge, as shown in Figs. 4.10(b1)-(b3).
4.3.2 PES in a trapped 173Yb Fermi gas at Tc
Figure 4.11 shows e↵ects of a trap potential on PES at Tc. Comparing this figure with Fig.
4.2 (uniform case), the pseudogap structure seen in the open channel in the uniform case
no longer exists in the presence of a harmonic trap potential. That is, such a structure
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Figure 4.13: PES above Tc in the BCS regime of a trapped 173Yb Fermi gas ((kFas) 1 =  1).
is smeared out by the spatial average in Eq. (4.18). The overall spectral structure shown
in panels (a1)-(a4) are somehow similar to one another, in the sense that they commonly
consist of (1) upward spectral line along the free particle dispersion ! = p2/(2m), and (2)
broad spectral peak in the negative energy region. Between the two, we find from Figs.
4.10(a1)-(a3) that the upper structure dominantly comes from the sharp peak appearing
in the outer region of gas cloud (see Fig. 4.10(a3)), as well as the upper peak around the
trap center. On the other hand, (2) dominantly originates from the lower peak in the trap
center shown in Fig. 4.10(a1). As discussed in the previous chapter, since the lower branch
seen in Fig. 4.10(a1) is associated with the pseudogap phenomenon (which locally occurs
in the present trapped case), we find that the structure (2) seen in Fig. 4.11(a1)-(a4) may
be understood as a many-body phenomenon, being related to the pseudogap phenomenon
occurring in the trap center.
We achieve the same conclusion in the closed channel shown in Fig. 4.11(b1)-(b4). In
panel (b2), we slightly see a sharp peak line. Comparing this with the upward peak lines
seen in the right panels in Fig. 4.10, we can immediately identify this upward peak in
Fig. 4.11(b2) as the single-particle dispersion in the closed channel, appearing around the
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Figure 4.14: The same plot as Fig. 4.13, in the unitary regime ((kFas) 1 = 0.02).
edge of the gas cloud (where pairing fluctuations are weak even at Tc). Noting that the
threshold energy of this closed-channel dispersion equals ⌫/2, this upper peak gradually
goes down to merge the lower broad peak in the BEC regime, as seen in Fig. 4.11(b3).
Figures 4.10(b1)-(b3) indicate that this lower broad peak in the negative energy region is
related to the lower peak structure in the trap center (see Fig. 4.11(b1)), being associated
with many-body phenomena.
The above-mentioned structures (1) and (2) can also be seen in the ODOS shown in Fig.
4.12. In both the open and closed channel, ODOS has a sharp peak around ! = 0 (which
involves contribution from the free-particle dispersion around the edge of the gas cloud),
being accompanied by a broad structure in the negative energy region (which comes from
the lower excitation branch appearing in the trap center). Thus, to experimentally confirm
the existence of strong-coupling e↵ects in the open and closed channels, the observation of
the broad spectral structures in the negative energy region of PES and ODOS would be
useful. Since detailed physical properties of the closed channel are di cult to be examined
in the case of broad MFR, PES experiment on a 173Yb Fermi gas would provide unique
opportunity for the study of many-body corrections to the closed channel in the BCS-BEC
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Figure 4.15: The same plot as Fig. 4.13, in the strong coupling BEC regime ((kFas) 1 = 1).
crossover region.
4.3.3 PES above superfluid phase transition temperature Tc
Figures 4.13-4.15 show PES in the BCS-BEC crossover region above Tc. In all the cases,
we see that the intensity of PES in the negative energy region gradually becomes weak
with increasing the temperature. This tendency can be more clearly seen in ODOS shown
in Fig. 4.16, where ODOS in the negative energy region decreases with increasing the
temperature. We also note that this temperature dependence can be seen in both the
open and closed channels. Since the intensity of PES and ODOS in the negative energy
region reflect the presence of strong-coupling corrections to the open and closed channel, the
above-mentioned temperature dependence indicates the weakening of pairing fluctuations
at high temperatures.
However, from the viewpoint of the observation of strong-coupling e↵ects in the closed
channel, the intensity in the negative energy region of PES (Figs. 4.13-4.15), as well as
ODOS (Fig. 4.16), is not rapidly suppressed, as one raises the temperature from Tc. For
example, in the unitary regime (kFas) 1 = 0.02⌧ 1, Fig. 4.16(b2) shows that the intensity
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in the negative energy region is still dominant, compared to the intensity in the positive
energy region, describing the free-particle-like excitations. In this sense, we do not need
to set the temperature very close to Tc, to experimentally observe the PES in the negative
energy region in the closed channel.
We note that the calculated ODOS in the open channel shown in Figs. 4.16(a2) and
(a3) are very similar to those in the single-channel case in Fig. 4.17. This means that
we also expect the same BCS-BEC crossover phenomenon also in the present two-band
system as those discussed in the single-channel 40K and 6Li Fermi gases. In this sense, PES
would be a useful experimental technique to observe both the ordinary BCS-BEC crossover
phenomenon in the open channel, as well as the unique strong-coupling phenomenon in the
closed channel.
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Figure 4.17: Calculated ODOS in a trapped single-channel Fermi gas [46]. In this calcula-
tion, TMA is used. Data are o↵set by 0.1 in panels (a) and (b) and by 0.05 in panel (c).
Solid circles are experimental results on a 40K Fermi gas with a broad MFR. [Reprinted
figure with the permission from Shunji Tsuchiya, Ryota Watanabe, and Yoji Ohashi, “Pseu-
dogap temperature and e↵ects of a harmonic trap in the BCS-BEC crossover regime of an
ultracold Fermi gas”, Phys. Rev. A 84, 043647 (2011). Copyright (2011) by the American
Physical Society. https://doi.org/10.1103/PhysRevA.84.043647.]
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Chapter 5
Summary
In this thesis, we have theoretically investigated normal-state properties of a rare-earth
Fermi gas with an orbital Feshbach resonance (OFR). In particular, we deal with a 173Yb
Fermi gas, because this novel Feshbach resonance has recently been observed in this Fermi
gas. Including the two-band character of this OFR system (open and closed channels),
as well as strong-pairing fluctuations associated with an OFR-induced tunable pairing in-
teraction within the framework of the T -matrix approximation (TMA), we have evaluated
single-particle spectral weight (SW), as well as the single-particle density of states (DOS),
in the BCS-BEC crossover region. We have calculated these quantities in both the open
and closed channels. To compare our theoretical results with experimental observation, we
have also considered the observable photoemission spectrum (PES), including a realistic
harmonic trap potential.
It is known that the current model used to describe an OFR in a two-band Fermi
gas gives an experimentally inaccessible deep bound state. In this thesis, we presented
a useful method to completely remove this experimentally inaccessible component from
TMA. Here, we note that, if we examine the real thermodynamically equilibrium state of
the system, we could also retain e↵ects of this deep bound state. However, in the current
experiment, the limited lifetime of the excited 3P0 state being 20s limits the time within
which the experiment can be carried out. Due to this, starting from the initial condition
of the preparation of the gas, the excited state gets destroyed before it can reach the
thermodynamically equilibrium state. Thus, the quasi-equilibrium state is dealt with as the
experimentally accessible state. Theoretically, diagonalizing the particle-particle scattering
matrix  ˆ(q, i⌫n) in TMA, we found that one of the diagonal components is associated
with the deep bound state. Removing this component from the diagonalized  ˆ(q, i⌫n), we
obtained the amended TMA (ATMA), where we no longer meet any e↵ect coming from the
deep bound state.
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The calculated SW and DOS in ATMA show that, in the open channel, the BCS-BEC
crossover behaviors of these quantities are similar to those known in the single-channel
Fermi gas with a broad magnetic Feshbach resonance (MFR). That is, even in the normal
state, the pseudogap gradually develops in these quantities, to become a large gap structure,
as one passes through the BCS-BEC crossover region. Since the superfluid order parameter
vanishes in the normal state (T   Tc), this phenomenon originates from strong pairing
fluctuations existing in the BCS-BEC crossover region, as in the single channel case.
In contrast, we obtained very di↵erent temperature dependence of SW and DOS in the
closed channel. At the strongest interaction strength ((kFas) 1 = 1.57) in the BEC regime,
the same gapped SW is obtained in this channel as in the open-channel because of the
vanishing band gap between the two channels at this interaction strength. With decreasing
the interaction strength, however, the gapped structure becomes more remarkable, which
is in opposite tendency to the case of open channel. At the same time, the lower spectral
intensity gradually decreases. In the weak-coupling BCS regime, the spectral intensity in
SW is dominated by the upper peak along the gapped free particle dispersion. We pointed
out that this di↵erent result from the open-channel case is due to the fact that, in the OFR-
induced pairing mechanism, the interaction strength is decreased by increasing the band
gap ⌫/2 between the open and closed channel, so that this band gap gradually dominates
over the excitation properties of the closed channel, as one approaches the weak-coupling
BCS regime from the BEC side.
Although SW and DOS are useful quantities to examine single-particle properties of the
system, these are not observable in the current experimental stage of cold atom physics.
However, we clarified that strong-coupling phenomena appearing in these quantities can
be observed to some extent through the observable PES. In the uniform case, PES in the
open channel exhibits a pseudogap structure near Tc, which is more remarkably seen for a
stronger interaction strength. In the closed channel, pairing fluctuations cause the non-zero
spectral intensity in the negative energy region. While the latter remains to exist even in
the presence of a realistic harmonic trap potential, the spectral inhomogeneity smears out
the detailed pseudogap structure from PES in the open channel. However, even in this case,
the PES in open channel has spectral intensity in the negative energy region as a result of
strong coupling e↵ect.
At present, although an OFR, as well as the associated tunable attractive interaction,
have been experimentally confirmed in a 173Yb Fermi gas, e↵ects of this interaction on a
physical quantity has not been examined. Since single-particle excitations are very sensitive
to pairing fluctuations associated with a strong attractive interaction, our results would be
useful in examining physical properties of the system in the BCS-BEC crossover region.
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In addition, the closed channel is di cult to be examined in the ordinary single-channel
40K and 6Li Fermi gases with a broad MFR, results in this thesis would also contribute to
clarifying physical properties of the closed channel by using a rare-earth 173Yb Fermi gas
with an OFR.
In this thesis, we have only considered the normal state above Tc. Extension of this
work to the superfluid phase below Tc is an interesting future problem. In this case, since
we again have to remove the experimentally inaccessible deep bound state, our method
presented in this thesis would be helpful in constructing the strong-coupling theory for
an ultracold superfluid Fermi gas with an OFR in the BCS-BEC crossover region. While
a single superfluid order parameter only appears in the MFR case, the OFR case has
two superfluid order parameters below Tc, so that we expect various interesting superfluid
phenomena associated with multi-component superfluid order parameters, such as two-gap
structure in DOS, as well as collective oscillation of the relative phase of the two superfluid
order parameters.
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Appendix A
Derivation of Eq. (2.10)
In this appendix, we explain how to carry out the Matsubara-frequency summation in the
first line in Eq. (2.10), to obtain the second line in this equation. For this purpose, we first
consider a complex function F (z), having poles at z = z1, z2..., as well as another complex
function H(z), having the form,
H(z) = F (z)g(z) =
F (z)
e z + 1
, (A.1)
where (  = 1/T ). Equation A.1 has poles at, in addition to z = zi,
z = i!n, (A.2)
where, !n = (2n + 1)⇡T , with n = 0,±1,±2..., which is just the fermion Matsubara
frequency. Taking the contour integration of Eq. (A.1) along the path C, we have
1
2⇡i
I
C
dzH(z) =  
X
zi
Res[f(zi)]
exp( zi) + 1
. (A.3)
On the other hand, choosing the path C 0, we obtain,
1
2⇡i
I
dzH(z) =  T
X
i!n
F (i!n). (A.4)
When the contribution from the outer circle is absent, we can equate Eqs. (A.3) and (A.4)
as,
T
X
i!n
F (i!n) =
X
zi
Res[F (zi)]
e zi + 1
=
X
zi
f(zi)Res[F (zi)]. (A.5)
88
*
*
*
*
*
*
*
*
Im(z)
Re(z)
C
iωn
+
C’
C+
+
+
++
+
+
+
z1
z2….
Figure A.1: Contours C and C 0 taken in Eqs. A.3 and A.4, respectively. “+” and “⇥”
denote poles of H(z) in Eq. (A.1).The radius R is taken to be infinitely large.
Applying this to the first line in Eq. (2.10), we obtain
⇧(q, i⌫n) =
X
p
"
1
i⌫n   ⇠ p+q/2   ⇠p+q/2f(i⌫n   ⇠ p+q/2)
  1
⇠ p+q/2   i⌫n + ⇠ p+q/2f(⇠p+q/2)
#
. (A.6)
Using the identities
f(! + i⌫n) = f(!), (A.7)
f( !) = 1  f(!), (A.8)
we reach
⇧(q, i⌫n) =  
X
p
1  f(⇠p+q/2)  f(⇠p q/2)
i⌫n   ⇠p+q/2   ⇠p q/2 . (A.9)
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Appendix B
Fermi Chemical potential in the BEC
limit
In this appendix, we derive the expression µ(Tc) =  Ebind/2. In the extreme BEC limit
((kFas) 1 >⇠ 1), the Fermi chemical potential becomes µ/"F ⌧  1 (see Fig. 2.2(b)). In
this case, the Fermi distribution function in the pair propagator in Eq. (2.10) can be safely
neglected, which gives
⇧(q, i⌫n) '
X
p
1
⇠p+q/2 + ⇠p q/2   i⌫n
=
m
2⇡2
"
pcut   ⇡
2
p
(q2/4)  2mµ  i⌫nm
#
, (B.1)
where, pcut is a cut-o↵ momentum. Substituting Eq. (B.1) into Eq. (2.9), we obtain,
 (q, i⌫n) =
1
m/4⇡as +
"
⇧(q, i⌫n) 
Ppcut
p 1/2"p
#
=
4⇡
m
1
1/as  
p
(q2/4)  2mµ  i⌫nm
. (B.2)
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Introducing the binding energy Ebind = 1/(ma2s) of a two-body bound molecule, Eq. (B.2)
can be written as
 (q, i⌫n) =
4⇡
m
1
1/as  
p
mEbind
q
1 + 1Ebind [
q2
4m   µB   i⌫n]
' 4⇡
m
1
1/as  
p
mEbind[1 +
1
2Ebind
( q
2
4m   µB   i⌫n)]
=
8⇡
m2as
1
i⌫n   q24m + µB
⌘ 8⇡
m2as
G0B(q, i⌫n), (B.3)
where
G0B(q, i⌫n) =
1
i⌫n   q22(2m) + µB
(B.4)
is the molecular Bose Green’s function, with the Bose chemical potential,
µB = 2µ+ Ebind = 2µ+
1
ma2s
. (B.5)
In obtaining the second line in Eq. (B.3), we have used the fact that Ebind/"F   1. At Tc,
the Thouless criterion (  1(0, 0) = 0) gives µB = 0, that is,
µ =   1
2ma2s
. (B.6)
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Appendix C
Pade´ approximation
In this appendix, we summarize the Pade´ approximation to numerically carry out the
analytic continuation of the thermal Green’s function in Eq. (2.25).
In the Pade´ approximation, the single-particle Green’s function G(i!n), is approximated
to a complex function,
F (z) =
x0 + x1z + ...xNzN
y0 + y1z + ...yNzN
⌘ AN(z)
BN(z)
. (C.1)
In the so-calledN -point Pade´ approximation, we impose the conditions F (i!n) = G(i!n)
at N Matsubara frequencies in the upper half plane (!n > 0). After determining the
coe cients xi and yi so as to satisfy these N conditions, we obtain the analytic-continued
Green’s function as
G(i!n ! ! + i ) = F (z = ! + i ). (C.2)
In practice, we can obtain F (z) by using the recursion method discussed in [90]. In this
method, we rewrite the N -point Pade´ function in Eq. (C.1) in the continued fraction,
F (z) =
AN(z)
BN(z)
=
a1
1 + a2(z z1)
1+
a3(z z2)
1+.....
⌘ a1
1+
a2(z   z1)
1+
.....
aN(z   zN 1)
1+
, (C.3)
where zi = i!ni , and we again impose F (zi) = G(zi) at N di↵erent Matsubara frequencies
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in the upper half plane (!n > 0). The coe cients ai(i = 1 ' N) can be obtained from [90],8<:ai = gi(zi),g1(zi) = G(zi), gn(z) = gn 1(z 1) gn 1(z)(z zn 1)gp 1(z) , n   2.
The polynomials AN(z) and BN(z) in Eq. (C.3) are then obtained from [90],8<:An+1(z) = An(z) + (z   zn)an+1An 1(z),Bn+1(z) = Bn(z) + (z   zn)an+1Bn 1(z),
under the conditions, 8>>><>>>:
A0 = 0,
A1 = a1,
B0 = B1 = 1.
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